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Abstract 

In this paper, we propose two new regulators for quantum field theories in 
spacetimes with compactified extra dimensions. We refer to these regulators as 
the "extended hard cutoff" (EHC) and "extended dimensional regularization" 
(EDR). Although based on traditional four-dimensional regulators, the key 
new feature of these higher-dimensional regulators is that they are specifically 
designed to handle mixed spacetimes in which some dimensions are infinitely 
large and others are compactified. Moreover, unlike most other regulators 
which have been used in the extra-dimension literature, these regulators are 
designed to respect the original higher-dimensional Lorentz and gauge symme- 
tries that exist prior to compactification, and not merely the four-dimensional 
symmetries which remain afterward. This distinction is particularly relevant 
for calculations of the physics of the excited Kaluza-Klein modes themselves, 
and not merely their radiative effects on zero modes. By respecting the full 
higher-dimensional symmetries, our regulators avoid the introduction of spu- 
rious terms which would not have been easy to disentangle from the physical 
effects of compactification. As part of our work, we also derive a number of an- 
cillary results. For example, we demonstrate that in a gauge-invariant theory, 
analogues of the Ward-Takahashi identity hold not only for the usual zero-mode 
(four-dimensional) photons, but for all excited Kaluza-Klein photons as well. 
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1 Introduction 

Extra dimensions are among the leading candidates for physics beyond the Stan- 
dard ModeL However, despite the vast amount of work done in this area, phenomeno- 
logical studies of higher- dimensional models still face limitations. A fundamental is- 
sue is that virtually all realistic theories in higher dimensions are non-renormalizable. 
Because parameters in a non-renormalizable theory are extremely sensitive to an ul- 
traviolet (UV) cutoff, and because an infinite number of counterterms are needed to 
absorb divergences, our ability to make meaningful predictions at different energy 
scales appears to be compromised. Additionally, regulators of UV divergences can 
introduce unphysical artifacts. For example, a hard cutoff in QED artificially gener- 
ates a large photon mass term. The problem of artifacts should be especially severe 
in higher- dimensional theories since the non-renormalizability will magnify any such 
radiative effect. 

Unfortunately, such artifacts will be introduced by many of the regulators which 
are typically used to perform calculations in spacetimes with compactified extra di- 
mensions. This happens because these regulators artificially treat momentum com- 
ponents along compactified extra dimensions as if they were separate from the other 
components. To be more explicit, let us consider a typical one-loop diagram in a the- 
ory with a single universal compactified extra dimension. The amplitude correspond- 
ing to such a diagram can be expressed as a mode-number sum over a four-momentum 
integral, i.e., 

M-Y.I§^.nKr), (1.1) 

where M. represents the one-loop amplitude, k is the four-momentum of a Kaluza- 
Klein (KK) state running in the loop, and r is its KK mode number. The function 
/ depends on k and r, as well as the the couplings in the theory and momenta and 
mode numbers of any external particles. Of course, both the four-momentum integral 
and the KK sum contribute to possible divergences, and both potential sources of 
infinities must be regularized. 

The typical approach is to apply a standard four-dimensional regulator (such as a 
hard cutoff or dimensional regularization) to the integral, and to truncate the sum at 
large but finite limits. Thus, the sum and the integral are regulated independently. 
Unfortunately, independent regularizations artificially violate the higher-dimensional 
Lorentz invariance that originally existed in the theory, thereby leading to unphysical 
artifacts in M.. This is because the variables k and r/R from Eq. fll.ip are actually 
part of a single five-momentum running in the loop. Our regulator should therefore 
reflect this higher- dimensional Lorentz symmetry, just as a hard cutoff in four di- 
mensions (4D) is always imposed on the total Euclidean four-momentum running in 
a loop, and not a particular subset of momentum components. This is why separate 
regularizations of four-momentum integrals and KK sums violate higher-dimensional 
Lorentz invariance. Without respecting the full five-dimensional Lorentz symmetry. 



1 



any such regulator has the potential to introduce unphysical artifact terms into the 
results of any calculation. 

Of course, it might seem that we can always subtract unphysical artifacts at the 
end of a calculation. However, this is not generally possible because the compacti- 
fication itself, which breaks the higher-dimensional Lorentz invariance globally, can 
also induce local violations of the higher-dimensional Lorentz invariance in an effec- 
tive field theory (EFT) at finite energy. We would therefore not know which terms 
to subtract, since it would be extremely difficult to distinguish these unphysical ar- 
tifacts from the expected bona-fide violations of five- dimensional Lorentz invariance 
stemming which arise due to the compactification. 

Given this situation, our goal in this paper is to develop a set of regulators which 
are based firmly on two fundamental higher-dimensional symmetries: 

• higher-dimensional Lorentz invariance; and 

• higher-dimensional gauge invariance, when appropriate. 

Regulators which are based on these symmetries should therefore be broadly ap- 
plicable and free of unphysical artifacts. Moreover, we shall also require that our 
regulators be theory-independent. In other words, we shall require that our regula- 
tors be insensitive to the specific particle content and interactions characterizing the 
field theory in question. 

In this paper, we shall develop two distinct regulator schemes which meet these 
criteria. Indeed, in each case, these regularization methods can be viewed as higher- 
dimensional generalizations of well-known four- dimensional regulators. However, as 
discussed above, their distinguishing property is that they control four-momentum 
integrals and KK sums collectively , as appropriate for higher-dimensional calcula- 
tions. Under this scheme, the constraints on the integral and the sum in Eq. (11.11) 
become coupled. 

Our first regulator will be a generalization of a four-dimensional hard-cutoff 
scheme to the case of theories with KK modes. We shall refer to this regulator 
as an "extended hard cutoff" (EHC) regulator. To do this, we shall consider the case 
of a single extra dimension compactified on a circle. Instead of separately regulating 
four-momentum integrals and KK sums, we shall implement a cutoff on the total 
five-momenta of virtual KK states running through internal loops. This procedure is 
Lorentz-invariant, and therefore does not introduce unphysical artifacts. 

By contrast, our second regulator will be a generalization of dimensional regular- 
ization, to be referred to as "extended dimensional regularization" (EDR). Specifi- 
cally, we shall use standard dimensional-regulatorization techniques to control four- 
momentum integrals. However, we shall also demand that KK sums be truncated 
at limits which depend on the dimensional regularization parameter e. The critical 
point, then, is to determine an appropriate balancing relation between this KK cut- 
off and the dimensional-regularization parameter e which preserves not only higher- 
dimensional Lorentz invariance, but also higher- dimensional gauge invariance. To do 
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this, we shall consider the case of five-dimensional QED compactified on a circle and 
show explicitly that preserving both higher-dimensional Lorentz invariance and gauge 
invariance in this theory leads to a unique relation between e and the KK cutoff. Our 
criterion of theory-independence will then guarantee that this relation between the 
KK cutoff and e should hold for all higher- dimensional field theories, regardless of 
whether or not they contain gauge symmetries. 

At this stage, one might be tempted to offer two possible objections to the ap- 
proach we shall be following in this paper. First, since the compactification itself 
distinguishes extra dimensions from the ones we currently observe, one could argue 
that there is no need to respect higher-dimensional Lorentz invariance. Indeed, one 
might even argue that the very process of compactification forces us to employ regula- 
tors that do not respect higher-dimensional Lorentz invariance: since the momentum 
components along compactified dimensions are discrete variables and components 
along large dimensions are continuous, it might seem that no regularization scheme 
can truly put these variables on equal footing. However, it is important to realize that 
compactification is an effect at finite distance and therefore finite energies. In the 
UV limit, by contrast, this discreteness fades away and higher-dimensional Lorentz 
invariance is restored. Since regulators are designed to control UV divergences, it is 
therefore essential that they respect whatever symmetries exist at short distances. 

Second, one might object that higher- dimensional theories are non-renormalizable. 
Therefore, it would seem that we should obtain meaningless results regardless of which 
regulator we use, in which case there is no point in trying to extract exact predictions 
from such theories. However, despite the non-renormalizability, it is possible to de- 
rive precise, finite relationships between the renormalized parameters in our effective 
field theories that characterize KK states. Indeed, as we shall explicitly demonstrate 
in Ref. pQ, the use of proper regulators will allow us to relate the parameters de- 
scribing excited KK modes to the corresponding parameters describing zero modes, 
after each have received radiative corrections. If the zero-mode parameters are taken 
to be experimental inputs, then the entire KK spectrum is determined. We empha- 
size that this only works when regulators are designed to respect higher-dimensional 
symmetries. 

Although our extended hard-cutoff and extended dimensional-regularization pro- 
cedures ultimately achieve the same goal, there are two significant conceptual dif- 
ferences between them. First, our extended hard cutoff is designed to treat all 
components of loop momenta in the same way, and hence this cutoff never breaks 
higher-dimensional Lorentz invariance. By contrast, our extended dimensional- 
regularization procedure controls divergences from four-momentum integrals and KK 
sums through very different means. Higher- dimensional symmetries thus do not ap- 
pear to be preserved from the outset, but survive in the end only because of a special 
relation between their regularization parameters. 

There also is a second important difference. Because a hard cutoff explicitly vi- 
olates gauge invariance, our extended hard-cutoff regulator will not be suitable for 
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higher-dimensional theories in which gauge symmetries are present. By contrast, 
our extended dimensional-regularization procedure is designed to respect higher- 
dimensional gauge invariance as well as higher-dimensional Lorentz invariance. As 
such, this is the regulator of choice when dealing with gauge-invariant theories. In 
this connection, we remark that while the process of compactification explicitly vio- 
lates Lorentz invariance globally (and this can translate into local Lorentz violations 
below the UV limit), the process of compactification in and of itself does not violate 
any higher-dimensional gauge symmetry which exists in the UV limit. Specifically, as 
we shall demonstrate for the case of five-dimensional QED compactified on a circle, 
a full five-dimensional gauge invariance survives after compactification, even at low 
energy scales. Our extended dimensional-regularization procedure will reflect this ex- 
plicitly through the preservation of Ward identities and Ward-Takahashi identities; 
indeed, such identities will continue to hold not only for the (zero-mode) photon, but 
for all of the excited (KK) photons as well. 

This paper is organized as follows. In Sect. [2], we introduce our extended hard 
cutoff (EHC) regulator, and explain how it regularizes divergences in a Lorentz- 
invariant fashion. In Sect. [3l we then introduce our extended dimensional regulator 
(EDR) in the context of higher-dimensional gauge theory. In Sect. HI we turn to a 
discussion of other regulators which have been utilized in the literature, and compare 
our regulators with those. We also demonstrate, through explicit examples, the kinds 
of difficulties that can arise when one uses a regulator which does not respect higher- 
dimensional Lorentz invariance. We also discuss the relations between our EHC and 
EDR regulators and several other Lorentz-invariant methods which have already been 
developed in the literature. Finally, Sect. [5] contains our conclusions and ideas for 
possible extensions. 

This paper is the first in a two-part series. In this paper, we shall focus on the 
development of two new regulators, as sketched above. By contrast, in a subsequent 
companion paper [1], we shall discuss how these new regulators may be employed 
in order to derive effective field theories at different energy scales. We shall also 
discuss how these regulator techniques can be used to extract finite results for physical 
observables that relate the physics of excited KK modes to the physics of KK zero 
modes. In this context, it should be noted that one of our primary motivations for 
developing these new EHC and EDR regulators has been to enable us to study the way 
in which the Kaluza-Klein mass and coupling parameters in any higher-dimensional 
effective field theory evolve as a function of energy scale. For example, we might wish 
to study how the well-known tree-level relations amongst the tower of KK masses and 
amongst their couplings are "deformed" when radiative effects are included. This will 
be the subject of a third paper [2]. However, each of these subsequent papers will 
rely on the regulators and calculational techniques that we shall be developing here. 
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2 The Extended Hard Cutoff (EHC) Regulator 



In this section, we introduce our higher- dimensional extended hard cutoff (EHC) 
regulator. For simplicity, we consider the case of a single extra dimension compactified 
on a circle; generalizations to other compactifications will be straightforward. As 
discussed in the Introduction, our cutoff will be purely five-dimensional in nature, 
and will respect five-dimensional Lorentz invariance from the outset. Of course, if 
our higher-dimensional theory is also gauge invariant, then a hard cutoff will not be 
applicable; in such cases, the EDR regulator in Sect. 3 should be used. 

K=(k^',r) 



P=(p^n) \ / P=(p^n) 



K-P=(k*'-p^',r-n) 

Figure 1: A generic one- loop diagram: an external Kaluza-KIein particle (dotted line) 
with four-momentum p^^ and Kaluza-KIein index n interacts with a tower of Kaluza-Klein 
particles (solid lines) of bare mass M. 

To illustrate our procedure, let us consider a generic one-loop diagram of the 
form shown in Fig. [1] in which an external particle with four-momentum and 
mode number n interacts with a tower of KK particles of bare mass M. Enforcing 
5D momentum conservation at the vertices (as appropriate for compactification on a 
circle) and assuming that the solid lines correspond to scalar fields leads to a one-loop 
integral of the form 

Ln{p) = I (27r)4 p - r2 /R^ - (k - pf - (r - nf jB? - ^^'^^ 

where k is the four-momentum of a particle in our loop and r is its mode number. 
Although we are considering a particular form for a loop integral, we will keep our 
discussion as general as possible. 

Following standard techniques, we may immediately rewrite this loop integral as 

1 .4. r . n2 

Ln{p) = i dxY^ J 



(2.2) 



(27r)4 [il + i^^ + M^{x 
where x is a Feynman parameter, where i represents the shifted momentum 

i = k-xp , t = [r- xn)/R , (2.3) 
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where is the Euchdean (Wick-rotated) momentum 

i% = 4 = (2.4) 

and where the effective mass in Eq. f l2.2p is given by 



M^ix) = + x{x-l) 



2 



(2.5) 



Note that throughout this paper, vector and tensor components corresponding to 
the fifth dimension will be denoted with a superscript '4'. We have chosen this 
somewhat unorthodox convention in order to emphasize the preservation of five- 
dimensional Lorentz invariance, so that our five- dimensional Lorentz indices are given 
as M = 0,1,2,3,4. 

We now introduce our hard momentum cutoff A. We shall apply this directly to 
the Euclidean yzve-momentum running in the loop, as appropriate for an intrinsically 
five-dimensional calculation, so that 



4 + < A' . (2.6) 

Of course, this constraint equation correlates the cutoff for the integration over the 
four-momentum is with the cutoff for the summation over the KK index r. In 
particular, the constraint in Eq. (12.61) can be implemented by restricting the KK 
summation to integers in the range 

-AR + xn < r < AR + xn (2.7) 

and then restricting our ££;-integration to the corresponding range 

4 < A^-t' 

< A^ - (r - xnflR^ . (2.8) 

Clearly, Eqs. (12. 7p and (12.81) are nested constraints on the components of the mo- 
mentum of the particle running in the loop. However, this "nesting" is unavoidable 
if our regulator is to preserve five- dimensional Lorentz invariance and avoid distin- 
guishing a special direction in spacetime. Since is continuous and t'^ is discrete, 
one might argue at first glance that these variables are fundamentally different, and 
that Eq. (12. 6p does not truly respect a five- dimensional Lorentz symmetry. How- 
ever, as discussed in the Introduction, the discreteness is an effect at finite energy 
scales, originating from the compactification. This discreteness is not apparent in 
the UV limit, where the gaps between KK masses are effectively negligible. There- 
fore, Eq. (12. 6p will indeed allow us to regularize five-dimensional UV divergences in 
a Lorentz-invariant fashion. 

Eqs. (12. 6p through (12. 8p define our extended hard-cutoff (EHC) regularization 
procedure. Indeed, unlike the case with dimensional regularization to be discussed 
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in Sect. 3, the maintenance of five- dimensional Lorentz invariance in this case has 
not been particularly difficult or profound. However, this is not enough, since we 
also need to know how to perform calculations which implement these constraints. 
Eq. ( 12. 7p is particularly unpleasant, since it puts the Feynman parameter and the 
mode number of the external particle in the summation limits. One might hope that 
we can neglect these terms when A is large. However this is ultimately not possible 
due to the hypersensitivity to the exact value of a cutoff in a non-renormalizable 
theory. The rest of this section is therefore devoted to the calculational issue of 
converting such expressions for loop diagrams into useful forms. 
For the special case of n = 0, our loop diagram can be written as 

„1 AR 

Lo{p) = i dx fo{p,r,x) (2.9) 

•^0 r=-AR 

where /o is the integral over £e from Eq. (12.21) . subject to the constraint in Eq. (12. 8p . 
In general, /o is a function of p, r, and x, but we will not need to evaluate /o for this 
discussion. Note that in writing Eq. (12. 9p . we have treated AR as an integer. In the 
limit of a large cutoff, this assumption will have no effect on our results. 

For n ^ 0, however, the cutoff on the r-summation depends on the Feynman 
parameter x. Fortunately, we can eliminate this dependence through a series of 
variable substitutions. Let us first assume that n > 0. In this case, our summation is 
over all integers r in the range —AR + xn < r < AR + xn. In the following, we shall 
adopt a notation whereby I]r=a denotes a summation over integer values of r within 
the range a < r < b even if a and b are not themselves integers. We can then write 

pi AR+xn 

Lnip)=i dx J2 fn{p,r,x) , (2.10) 

•^0 r=-AR+xn 

where /„ is the analog of /o for non-zero n. For n > 0, we may express this summation 



as 



I AR+xn „^ AR+u 

dx Yj = ~ du Y, where u = xn 



° — AR+xn ^ r=-AR+u 



j=0 r=-AR+u 
71—1 „i AR+U 



Y, du Y, where 



U = U — J 

np,Jo ,_Vk+^ lr = r-j 

-| 71—1 „i AR 

= -Yldu Y ■ (2-11) 

In passing to the last line, we have continued to treat AR as an integer. We have 
also used the fact that the exact u = {0,1} endpoints of the u- integration region are 
sets of measure zero. 
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For general n 7^ of either sign, we can make an analogous set of substitutions, 
resulting in the general identity: 



AR+xn 



\n\~l 



dx 



-AR+xn 



du 



n\ —0 ^0 



AR 

E , 

-AR+l 



where 



and 



u = x\n\ 



J 



r = sign(n)r - 
Together, Eqs. fl^TTS]) and ^LWi imply that 



(2.12) 



(2.13) 



(2.14) 



sign(n)[f — u]. 

Note that the mode number n has disappeared from the magnitude of This is 
precisely as we expect, since i'^ is merely a summation variable and should not depend 
on the magnitude of n. Likewise, the dependence on sign(n) arises by convention 
and can be absorbed into coefficients of Ultimately, this removal of n from £^ was 
possible only because of the limits we chose for r at the beginning of our calculation. 

However, it is important to realize that n has not vanished from our calculation. 
Because u is now viewed as an independent Feynman-like variable in Eq. fl2.12p . 
X must now be expressed in terms of u, and this reintroduces a dependence on n 
into any expressions which previously depended on x. For example, the quantity x 
appears within Ai"^, as defined in Eq. (12. 5p . However, the important point is that 
this dependence on n is now wholly within the four- dimensional integrand, and no 
longer appears within the KK summation limits. 

Given these variable substitutions, our loop-diagram expression for non-zero n 
now be rewritten as 



Lnip) 



„1 I I'^l-l AR 
7 M E E fniP 

JO \n\ 



(2.15) 



We shall henceforth drop the hats from f and u. Note that the functions fo{r, u) and 
/„(r, u,i) each depend on the cutoff A because they are integrals whose hmits contain 
A. For example, if our original diagram is of the form (12. 2p . then these functions /o 
and /„ are given by 



fo{r,u) 
fn{r,u,j) 



dH 



i2nY 

d^E 

(2^ 



1 



El + r^/R^ + M2 + u{u - l)p2 

1 



T 2 



4 + (r - uf/R^ + M2 + (w + j){u + 3 - \n\) (g - ^) 



(2.16) 
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where these integrals are subject to the cutoffs 

/o: 4 < A^-rVi?^ 

fn- il < A'-ir-uY/R' (2.17) 

respectively. Note that /„ is the same as /o, but with the simultaneous algebraic 
substitutions r ^ p = r — u, u y = {u + j)/\n\, and — > — n? /E?. 

Eqs. ( 12.91) and (12.151) are the main results of this section. Once loop diagrams 
are in these forms, they can be evaluated directly using standard four- dimensional 
techniques. Similarly, although we restricted ourselves to the case of a single external 
particle, generalizations to more complicated situations are straightforward. 

Finally, before concluding our discussion of our EHC regulator, we remark that 
the identity we have outlined in Eq. (12.121) relies rather fundamentally on the as- 
sumption that the one-loop diagrams we are regulating can be evaluated through 
the introduction of only a single Feynman parameter x (or u). However, this proce- 
dure readily generalizes to diagrams that would utilize arbitrary numbers of Feynman 
parameters. 




Figure 2: A generic one-loop diagram with three external particles and three internal 
propagators. Such a one-loop diagram will require two Feynman parameters. 

As a concrete example, let us consider a diagram such as the one-loop vertex 
correction in Fig. [2] which would require two Feynman parameters. In general, such 
a diagram will take the algebraic form 

Lni,n2{Pl,P2) = if dXi f dX2y2 fnun2{Pl,P2,r,Xi,X2) (2.18) 
JO Jo r 

where xi and X2 are our two Feynman parameters and / is our four-momentum inte- 
gral. However, unlike the case of a single Feynman parameter, our shifted momentum 
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within / will now be given by 



£ = k ~ Xipi — X2P2 , C-'^ = {r — XiTii — X2n2) I R . (2.19) 

Despite this change in the definition of our EHC regularization condition continues 
to take the same form as in Eq. (I2.6p . The cutoffs on our KK summation therefore 
now take the form 

— KR + xifii + X2n2 < r < KR + xini+X2n2 (2.20) 

while our corresponding four-momentum integral is subject to the cutoff 

4 < - {r - XiTii - X2n2f / R^ . (2.21) 

As before, the primary difficulty here is the presence of the Feynman parameters 
Xi and X2 in the upper and lower limits of the KK summation in Eq. (12.191) . However, 
these can be eliminated in a manner completely analogous to the method outlined in 
Eq. (12.121) . First, we observe that when rii = n2 = 0, the Feynman parameters are 
eliminated trivially, and Eq. (I2.20p reduces to —KR < r < AR. Moreover, when one 
Hi = but the other is non-zero, only one Feynman parameter appears in Eq. (I2.20p . 
The variable transforms introduced in Eq. (I2.12p may therefore be employed to dis- 
entangle the remaining Feynman parameter from the summation limits. As a result, 
the only new non-trivial case is the one in which both rii and n2 are non-zero. 

Let us first consider the case in which both rii and n2 are positive. Repeating the 
steps in Eq. (12. lip , we can then write 



„1 ^1 AR+xini+X2n2 

Jo 



/.j^ iij 1,-r (^l n 

dxi / dx2 ^ 

^ r=—AR+xini+X2n2 
1 fii i-n2 AR+U1+U2 

dui I du2 ^ where Ui = XiUi 

AR+U1+U2 



nin2 Jo Jo 



rii-l n2-l M^+l AR+U1+U2 



^^1^2 jj=o j2=0 ■'^ r=-AR+ui+U2 

1 n2 — 1 „i „x A_R+?ii+il2 



/ dui / du2 where < ,, 

nin2 ^0 r=-A^u,+u2 \r = r-n-j2. 

11 — 1 n2 — 1 »i rl—ui nl A_ii, 

H £ / / dU2 + 



Ui — ttj Jj 



nin2 ,,=0 ,2=0 



(2.22) 



In passing to the final line, we have continued to treat AR as an integer and recognized 
that while the combination Ui + U2 ranges from to 2, the summation index f ranges 
over the following values: 

-AR + l<r<AR for < ui + U2 < 1 (9 9^] 

-AR + 2 < f < Ai? + 1 for 1 < ui + U2 < 2 . ^ ' ' 
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Dropping the hats, it follows that under the EHC regulator, the diagram ^^(Pi? P2) 
in Eq. (12.181) with ni,n2 > can be rewritten as 



Lnj_,n2{Pl,P2) = if dXi [ (iX2 V /ni,n2(Pl,P2,r,a;i,X2 

Jo Jo ^ 



^ rii-l n2-l 



r 

AR „i AR+1 



tl-i n2 — 1 „i rl-ui rl ii-tt+J 

i,=n oo=n "'0 Jo ^^_ARii "'l-iti ^^_AB 



^1^2 jj=o j2=0-^0 [-^0 r=-Ai?+l -^l-"! r=-Ai?,+2 

^ ni-1 n2-l »i »i AR 

= E J2 dui du2 E fnXPhr,Ui,j,) + E (2.24) 

where i"^ = {r—ui—U2)/R, where the one- loop integrals /ni,n2 are regulated according 
to Eq. (12.211) . and where E denotes an "endpoint contribution" which depends on 
the particular values of / at or near the cutoff endpoints of the KK summation, as 
given below. 

The above results are given for the case in which ni and n2 are both positive. 
However, we can handle the general case in which both rii and n2 are non-zero as 
follows. Let us define Sj = sign(nj), and likewise let us define Ui = Xi\ni\ — ji and 
f = r — siji — S2j2- Note that in terms of these variables, we have Ri"^ = f — siUi — S2U2- 
Dropping the hats, we then find the general identity 



^ni,n2(Pl,P2) = : E J2 dUi dU2 ^ fnXPi^r^UiJi) + Es,,s2 

\nin2\ j^O ^0 r±^AR 

(2.25) 



where the endpoint contributions -E±,± are given as 



^ |ni|-l |n2|-l I 

Es,,s2 = -1 r E E / duiEs,,s2 (2.26) 



ni?T,2 



Jl=0 J2=0 



with 



E++ = f' du2fi-AR)+ f' du2[fi-AR+l)- f{AR+l)] 

Jo Jl-ui 

= f' du2 f{AR) + C du2 [f{AR - 1) - f{-AR - 1)] 

JO Jl-ui 

E+_ = r du2 f{-AR) + du2 f{AR) 

Jo Jui 

E-+ = r du2f{AR)+ f' du2f{-AR) . (2.27) 

Jo Jui 

In writing Eq. (12.271 we have suppressed all indices and variables for the /-functions 
except their dependence on the KK mode number r. These results have obvious 
generalizations to one-loop diagrams with additional Feynman parameters. 
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We see, then, that our EHC regulator is quite general, and that the methods 
outlined here enable us to eliminate the resulting Feynman parameters from the 
upper and lower limits on our KK summations. 

3 Extended Dimensional Regularization (EDR) 

In this section, we turn to our 5D extended dimensional-regularization (EDR) 
procedure. Unlike the case of the hard cutoff in Sect. 2, our extended dimensional- 
regularization procedure is designed to respect not only five-dimensional Lorentz 
invariance, but also five-dimensional gauge invariance. As discussed in the Introduc- 
tion, this will happen as the result of a careful balancing between the dimensional 
regularization parameter e which regulates the four- dimensional momentum integral 
and the KK cutoff A which regulates the KK sum. 

This section is organized as follows. We start with a preliminary exposition of 
our procedure in Sect. 13. 1[ Then, in Sect. 13.21 we discuss the method by which gauge 
invariance is maintained by demonstrating that the Ward(-Takahashi) identities must 
hold not only for the zero-mode photon, but also for all KK excitations of the photon. 
In Sect. 13.31 we then use this in order to generate a relation between the cutoff pa- 
rameters used for the momentum integrals and the KK mode-number sums. Finally, 
in Sect. 13.41 we deal with a number of loose ends. For example, we show that this 
relation implies that five-dimensional Lorentz invariance will be preserved as well. 

3.1 Preliminary steps 

We begin by considering a generic one-loop amplitude in five dimensions, with one 
dimension compactified on a circle. As with the diagram in Fig.[Tl we will assume that 
we have a certain fixed number of external particles with four-momenta pf and KK 
mode numbers which enter the diagram as initial states or exit as final states. We 
shall also assume that only one Feynman parameter is needed; the generalization to 
multiple Feynman parameters is straightforward. Such an amplitude then generally 
takes the form 

Lt'^-ip„p„...) = ^f^dxY.j^, ^r-{^E.r,x) (3.1) 

where ' r, x) is an appropriate unspecified integrand and where the overall 
n subscript denotes the collection of external KK indices. Here M,N,... are five- 
dimensional Lorentz indices appropriate for the diagram in question; thus, unlike the 
situation in Sect. 2, we are now explicitly indicating that these amplitudes need not 
be Lorentz scalars. We shall also assume that our theory contains a five- dimensional 
gauge invariance prior to compactification. 

We now seek to develop a regularization procedure for such amplitudes which is 
based on the traditional 't Hooft-Veltman dimensional regularization procedure [3] 
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for the four-momentum integral. However, we need to regulate not only the four- 
dimensional momentum integral but also the KK sum, and our goal is to implement 
these two regulators in such a balanced way that both five-dimensional Lorentz in- 
variance and five- dimensional gauge invariance are maintained. It is this "balancing" 
feature which extends the 't Hooft-Veltman dimensional regularization procedure to 
spacetimes with compactified extra dimensions, and which results in our name "ex- 
tended dimensional regularization" (EDR). 

As we shall see, the EDR procedure will consist of three separate components: 

• First, we shift the 4D momentum integral into d = 4 — e spacetime dimensions. 

• At the same time, we deform the integrand x) to reflect the fact 
that our integral is now in d = 4 — e dimensions. For example, one standard 
integrand substitution which is familiar from traditional dimensional regular- 
ization in four dimensions is to replace i'^i'^ — ^ i'^g'^'^ /{A — e) where i"^ = g^y^^f. 
However, we now expect there to be a similar deformation for the terms in the 
integrand which depend on the (discrete) fifth component £^ of the momentum. 
Deriving the precise form of this deformation is the first of our tasks. Note that 
since the introduction of a fifth dimension does not introduce any additional 
Dirac 7-matrices, the usual deformation of the 7-matrix algebra that one must 
perform for 4D dimensional regularization is unchanged for 5D. 

• Finally, we apply lower and upper cutoffs {ri(e), r2(e)} to our KK sum, so that 
this sum is over the range /'i(e) < r < r2(e). These cutoffs will be functions 
of e, and deriving the precise relation between e and these limits is our second 
task. 

Indeed, the precise deformation of terms involving in the integrand, as well as 
the precise forms of the cutoffs {ri(e), r2(e)} as functions of e, will be determined 
by the fact that five- dimensional Lorentz invariance and gauge invariance must be 
maintained. 

Even before imposing five-dimensional gauge invariance, there are certain sim- 
plifications we can make. First, we know that we must have ri{e) —>■ —00 and 
'^2(e) +00 as e ^ 0. Second, however, just as in Eq. (12. 7p . we claim that ?"i,2(e) 
must actually take the form 

ri(e) = —A{e)R + xn 

r2(e) = A{e)R + xn (3.2) 

in terms of a single as-yet-undetermined function A(e). In other words, although our 
summation cutoffs are not symmetric in the r-variable, we claim that they must be 
symmetric in the ^'^-variable, where Ri'^ = r — xn. The reason for this is simple. At 
first glance, it might appear that since the four-momentum integrals in dimensional 
regularization are over infinite domains, there is no difference between integrating 
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over the internal loop four-momentum k^^ or the shifted loop four-momentum £^ = 
f^fj. _ ^piJ-^ g^^^ might expect the same to hold for the KK sums. However, integrals 
which are odd with respect to i vanish by convention in dimensional regularization. 
This means that it is the domain of integration for i which is symmetric, even if it 
tends to an infinite size. Therefore, higher-dimensional Lorentz invariance requires 
that the limits on £^ also be the ones which are symmetric. Indeed, we have verified 
that any other choice will ultimately lead to inconsistencies — specifically, the sorts 
of checks that we will perform at the end of Sect. 4 would not be successful with any 
other choice. 

We can also further refine the form of the deformations within the integrand 
Q^^-{iE,r,x) itself. As mentioned above, we know that terms of the form 
should be replaced by i'^g^'^ /{A — e). In flat space (which is the only case we consider 
in this paper), this amounts to a deformation for terms (t)"^ for i = 0, 1,2,3. Five- 
dimensional Lorentz invariance therefore requires a corresponding deformation for 
the discrete fifth component £^i'^ that arises within expressions of the form i'^i'^ . In 
general, we can parametrize this deformation in the form 

(3.3) 

where A is an unknown parameter we seek to determine. As we shall see, determining 
the deformation to this order in e will be sufficient for our purposes. We stress, how- 
ever, that the deformation in Eq. (13. 3p is only appropriate for terms that arise within a 
Lorentz-covariant expression of the form i'^i'^ . By contrast, terms (£^)^ which might 
arise from other Lorentz-covariant forms such as [P — {i'^y]g^^^ remain undeformed, 
in accordance with our expectations from ordinary dimensional-regularization in four 
dimensions. 

Given these observations, we can then proceed by implementing the variable sub- 
stitutions described in Sect. 2. We thus have 

where the zero KK subscript indicates that all external particles are zero modes, and 
= ^ du^ Y. nr-i^E,r,u,j) (3.5) 

•^0 Fl j=0 r=-A/?+l l^^^ 

where the transformed variables u and r are defined in Eqs. ( 12.13P and ( 12.14p . As 
discussed above, the KK cutoffs A are to be viewed as functions of e. 

Again, we stress that it is remarkable that there will exist solutions for A(e) and 
A which can simultaneously preserve both higher-dimensional Lorentz invariance and 
higher-dimensional gauge invariance. After all, our four-momentum integrals are 
unrestricted, while our KK summations are truncated. Likewise, our four-momenta 



1 + Ae + 0{e^ 
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are continuous, while our KK momenta are discrete. Nevertheless, we shall find that 
the proper solutions for A(e) and A will conspire to simultaneously maintain both of 
these higher-dimensional symmetries at the end of any calculation. 

Thus, the complete development of our EDR regulator now rests on determining 
two remaining unknowns. First, we seek to determine A(e) as a function of e. Second, 
we seek to determine the value of the parameter A in Eq. (13. 3p . 

3.2 Ward-Takahashi identities for KK photons 

We now demand that our EDR regulator preserve whatever five-dimensional gauge 
invariance exists prior to compactification. However, before proceeding further, it is 
important to determine the extent to which the process of compactification, in and of 
itself, might break the full five-dimensional gauge invariance. In other words, we need 
to understand the extent to which five- dimensional gauge invariance can be expected 
to survive the process of spacetime compactification. 

In this section, we shall address this issue within the framework of the specific 
case of five-dimensional QED compactified on a circle. Although the usual Ward 
identities (and indeed the more general Ward-Takahashi identities) are expected to 
hold for the usual four- dimensional zero-mode photon (as a result of the residual 
/our-dimensional gauge invariance), we shall demonstrate that analogues of these 
identities actually hold for all of the KK excitations of the photon as well. In other 
words, five-dimensional gauge invariance is manifested in our compactified theory 
through the existence of a whole tower of Ward(-Takahashi) identities, one for each 
KK photon excitation; compactification does not break gauge invariance at the level 
of these identities. As such, these identities can be taken as the signature of the 
original full five- dimensional gauge invariance, and demanding that these identities 
continue to hold in our compactified theory will ultimately enable us to determine 
the value for the parameter A as well as the relation between A and e. 

Let us begin by quickly reviewing the usual four-dimensional Ward and Ward- 
Takahashi identities. Let Ai{p;qi,...,q]\f;q[,...,q'j^) represent the full Fourier- 
transformed correlation function for some QED process with N incoming fermions 
of four-momenta {gi, gAr}, N outgoing fermions with four-momenta {q'l, ■■■,qN}, 
and an incoming photon 7 with four-momentum p. In general, these fermion mo- 
menta need not be on-shell, and we can write Ad in the form Ai = e^M.^ where 

represents the photon polarization four- vector. Likewise, let M.q represent the 
full Fourier-transformed correlation function for the same process except without the 
photon 7. Then the usual four- dimensional Ward-Takahashi identity states that 



PtiM^ip] gi,...,giv;gi,-.,g^v) 



,gn;gi,-.,(gi-p),.-) 



MQ{q_ 



{qi+p),...;q[,...,q'^) ,(3.6) 
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where e is the unit of electric charge carried by each fermion. Moreover, if we then 
use the LSZ reduction procedure to obtain the corresponding amphtude for the cor- 
responding amputated diagrams, we find that the right side of Eq. (13.61) does not 
contribute. We thus obtain the simpler Ward identity 

p^M^{p;qi,...,qN;q'i,...,qN) = (3.7) 

which holds when each of the external momenta (including that of the external pho- 
ton) is on shell. Of course, the quantity M. in Eq. (13.71) now represents the amplitude 
of the corresponding amputated diagram, and the external momenta are now re- 
stricted to be on-shell. 

Before we consider whether and how these identities can be extended to the case 
of a compactified higher-dimensional spacetime, we first review their derivation. The 
usual diagrammatic proof of the Ward-Takahashi identity (see, e.g., any standard 
reference such as Ref. [1]) proceeds by realizing that by summing over each of the 
diagrams that contribute to Aio, and then by summing over all possible ways of 
inserting an extra external photon into each of these diagrams, we produce all of 
the diagrams contributing to Ai. Thus, we can focus on any individual diagram 
contributing to Aio, and consider all possible ways in which an additional external 
photon line can be inserted into such a diagram. In QED, a photon line can only be 
inserted onto an already-existing fermion line, and there are only two possible types 
of fermion lines such a diagram may contain: a closed internal loop (as illustrated 
in Fig. [3]), or a line which ultimately connects an incoming fermion to an outgoing 
fermion. 

If the additional photon connects to a fermion line in the former class, the sum over 
insertion locations cancels identically upon integrating over the internal fermion loop 
momentum. Specifically, the sum over all insertion points for a photon of momentum 

into the diagram in Fig. [3] is proportional to 



e^+i / __- tr 
(2vr)4 



1 ^iv-i 1 

^ 7'" (-r ] 7'"-^ - (^-^. ] 1^' 



. (3.8) 



The 7^^ factors are from the vertices of the photons already shown in Fig. [3l and m 
is the mass of the internal fermion running in the loop. [Note that these momenta ki, 
qi and the integer N have no relations to the similarly-named quantities in Eqs. (13.61) 
and (13. 7p .] However, it is easy to see that Eq. (13. 8p vanishes. Rewriting Eq. (13.81) as 
the difference of two integrals, we can shift the variable of integration in the second 
term from ki to ki +p. These two integrals thus cancel against each other identically. 
We see, then, that sum over all insertion points of a photon into a closed loop is zero; 
such diagrams do not contribute to right side of the Ward-Takahashi identity. 

By contrast, the right side of Eq. (13. 6p arises from the subclass of diagrams in 
which the additional photon line attaches to a fermion line that connects an incoming 
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Figure 3: A closed fermion loop with N photon lines, with momentum labeling conventions 
as indicated. Summing over all possible insertion locations of an additional photon with 
momentum p^^ into this diagram produces the amplitude in Eq. (j3.8p . 

fermion to an outgoing fermion. The treatment of such diagrams is standard, and the 
derivation can be found in Ref. [4|. The upshot is that the summation over diagrams 
contributing to A^o then yields Eq. (13. 6p . Although this is only a diagrammatic proof 
of the Ward-Takahashi identity, it is sufficient for our purposes and can be replaced 
by a more general path-integral derivation if needed. 

We now wish to extend this derivation of the Ward-Takahashi identity to the case 
of five-dimensional QED compactified on a circle. Our first step will be to repeat 
this derivation in five uncompactified dimensions. However, it is immediately clear 
that there is no change to the basic result. Indeed, the entire diagrammatic proof 
sketched above survives intact, and we obtain a five- dimensional Ward-Takahashi 
identity which is identical to Eq. fl3.6p except with the replacement of Lorentz indices 
yLi — *• M = (/X, 4) and the understanding that all momenta are now /ife-momenta. 
Thus, each five-momentum now contains the usual four-momentum as well as an 
additional fifth component. The same is true, of course, for the external photon 
momentum p. 

Given this, our second and final step is to determine the extent to which this five- 
dimensional Ward-Takahashi identity survives the process of compactification. Of 
course, compactification has the net effect of changing each of these fifth components 
from continuous to discrete. For cases in which the external photon attaches to a 
fermion line stretching between incoming and outgoing fermions, this discretization 
of the fifth component has no net effect on the analysis and our algebraic results 
survive as before. 
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However, we must also verify that there are no new features for the cases in 
which the external photon attaches to a fermion line which forms a closed internal 
loop. This case is special because our integral over the internal loop five-momentum 
now becomes an integration over the four-dimensional loop-momentum components 
as well as a discrete summation over the fifth component {i.e., a summation over 
the Kaluza-Klein index of the internal fermion). To be more specific, we now wish 
to consider the compactified five- dimensional analogue of Fig. [3] in which each of 
the momenta shown represents a discretized five-momentum, with ki = {k^, kf) and 
qi = {qi,qf) where kf = Vi/R and qf = Si/R for some integers rj,Sj G Z. If our 
external photon has five-momentum p = {p^^,n/R), the sum over insertion locations 
for this external photon now leads to the compactified five- dimensional amplitude 

d^ki 



E 

re2 




where quantities such as /k are now understood to represent five- dimensional con- 
tractions, i.e., /k = kMl^' = kfj,'j^ — (r/R)^'^ where 7"^ = = 7°7-'^7^7^. Just 
as with Eq. (13.81) . we can once again separate these terms into distinct integra- 
tions/summations and recognize that the second term is the same as the first term 
except for the algebraic replacements fcf — k^ and rj — r^ + n. The first of these 
replacements has no net effect because the four-momentum integration in Eq. (13.91) 
has infinite range; indeed, this range remains infinite even when the integrand is reg- 
ulated through 4D dimensional regulation. However, the situation with the second 
replacement is slightly more subtle. Of course, the shift + n does not disturb 

the form of our KK summation because each integer in the summation range is 
merely being shifted by another integer n. However, in this case the summation range 
is not infinite, since there is an implicit cutoff. It is therefore only as this cutoff is 
removed at the end of the calculation that the replacement — > + has no net 
effect on the KK summation, and Eq. fl3.9p holds. Of course, for the special n = 
case (corresponding to a zero-mode external photon), this last issue does not arise, 
and the KK summation is unaltered regardless of the value of the cutoff. 

Putting the pieces together, then, we obtain a Ward-Takahashi identity which is 
suitable for five- dimensional spacetimes with a single compactified dimension: 



PmM {p; ki,...,kN;qi,...,qN) 



E 



Mo{ki,...,kr,;qi,...,{qi -p),...) 



Mo{ki,...,{ki+p),...;qi, 



.Qn) 



.(3.10) 



Here M is the five-dimensional Lorentz index, and all momenta are understood to be 
/if e-momenta. As usual, this identity holds in the presence of a suitable regulator. In 
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the special case of a zero-mode external photon, this identity holds exactly; by con- 
trast, for all other cases, this identity holds up to terms which vanish as the regulator 
is removed. The identity in Eq. (13.101) is quite powerful, however: it implies not only 
that our ordinary (zero-mode) photon satisfies the Ward-Takahashi identity (as we 
might have always expected), but also that each of our excited KK photons satisfies 
a Ward-Takahashi identity as well. In this sense, our original five-dimensional gauge 
invariance has survived the process of compactification — even though our original 
five-dimensional Lorentz invariance is broken. 

Given this result, we can then generate a corresponding five-dimensional Ward 
identity in the usual way. In general. Ward identities follow from the Ward-Takahashi 
identities through LSZ reductions, but we do not really require the full LSZ machin- 
ery. The critical observation is that the two sides of Eq. (I3.10p . just like the two 
sides of its four-dimensional version Eq. (13. 6p . have differing pole structures in mo- 
mentum space: the left sides of these equations have 2N + 1 poles, while the right 
sides of these equations have 2N poles. Nothing pertaining to the dimensionality of 
the spacetime or the process of compactification reconciles this mismatch in the pole 
structure. Consequently, passing to the amplitudes of the corresponding amputated 
diagrams and placing our external particles on shell, we find that the right sides 
of these equations cannot contribute, and thus we obtain a five- dimensional Ward 
identity which holds for each KK photon: 



As with Eq. (I3.10p . it is understood that this is an exact relation which holds for 
zero-mode external photons in the presence of a regulator; for excited KK photons, 
by contrast, this relation holds up to terms which vanish as the regulator is removed. 
However, this will be sufficient for our purposes. 

Finally, note that unlike the Ward-Takahashi identities in Eq. (13.101) . the Ward 
identities in Eq. (13.111) hold only when the external photon is on-shell. However, in 
the special case of amplitudes with no external fermions, the right side of Eq. (13.101) 
vanishes identically. In such cases, we expect the Ward identity in Eq. (13. lip to hold 
regardless of whether the external photon momentum is on-shell or off-shell. 

One important special case that we will shortly consider is the case of dia- 
grams with two external photons and no external fermions — i.e., a. five- dimensional 
vacuum polarization diagram. By momentum conservation, the five-momentum 

= {p^,n/R) of the incoming photon will be equal to the five-momentum of the 
outgoing photon. In this case, our amplitude M.^^ will have two five- dimensional 
Lorentz indices, and our Ward identities take the form 



PmM {p; ki, ...,kN;qi, ...,qN) 
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(3.11) 
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and p^M^" 




(3.13) 
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as well as 



p^M'^ = -M** and p.M^" = 
Combining these two results, we thus obtain the relation 
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(3.14) 
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(3.15) 



Of course, our derivation of these identities has been purely diagrammatic and 
restricted to the special case of five-dimensional QED compactified on a circle. De- 
spite these limitations, the arguments of this section should easily generalize to the 
case of multiple extra dimensions compactified on square tori. Moreover, we expect 
identities like these to hold for even more general spacetimes and compactifications. 
After all, Ward(-Takahashi) identities are merely expressions of Noether's theorem 
(and resulting Schwinger-Dyson equations) applied to gauge symmetries. As such, 
they can generally be proven using path-integral techniques which should survive 
compactification as long as no spacctime boundary is introduced (to produce new 
surface terms). Thus, we expect a Ward identity of this type to emerge whenever 
our higher-dimensional Lagrangian exhibits a gauge symmetry and the spacetime is 
compactified on a smooth manifold. 

Needless to say, the situation can be significantly different for compactifications 
on orbifolds. The presence of fixed points (or fixed lincs/plancs, etc.) can give rise to 
surface terms (such as brane kinetic terms) which render the would-be Ward identities 
invalid for all but the usual four-dimensional Ward identity on the brane. Moreover, 
even for compactifications on manifolds, we stress that the corresponding Ward iden- 
tities may not always take a recognizable form. Implicit in our derivation above 
was the assumption that the Kaluza-Klein eigenfunctions coincide with momentum 
eigenfunctions. While this is true for compactifications on square tori, this will not be 
true in general: for example, compactification on a sphere produces Legendre poly- 
nomials which have no interpretations in terms of individual plane waves. Since our 
Ward identities are usually written in terms of momentum-space wavefunctions, such 
compactifications can lead to Ward identities involving many non-trivial interactions 
between individual plane-wave modes. 

Finally, we remind the reader that not every regulator will respect these identities: 
certain UV divergences can spoil the argument we made about insertions into a KK 
fermion loop. For example, some regulators {e.g., the hard cutoff) are known to 
violate these identities in four dimensions. Thus, only certain regulators will respect 
these five- dimensional Ward(-Takahashi) identities, and it is the goal of this section 
to determine for which regulators this is the case. 

3.3 Imposing the Ward-Tcikahashi identities for KK photons 

We now impose our higher-dimensional Ward-Takahashi identities in order to 
derive a relationship between the dimensional-regularization parameter e and the 
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summation cutoff A introduced in Sect. 13.11 We shall also determine the precise 
value for A introduced in Eq. (13. 3p . 

To do this, we consider the special case of Fig. [1] in which the external particles 
are on-shell KK photons and the particles running in the loop are a tower of KK 
fermions with bare mass M (so that the tree-level squared mass of the r*'^ excitation 
IS given by r'^/R^ + M^). Such a dia gram is indeed nothing but a five- dimensional 
vacuum polarization diagram with two Lorentz indices (M, A^) corresponding to the 
external photons, and this is precisely the sort of diagram for which we expect the 
higher-dimensional Ward identities given in Eqs. (13.121) though (I3.15P to hold. 

Prior to regularization, the different components of the vacuum polarization am- 
plitude take the form 
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e + r + (2a; - \){nlR)t + 2x{x - l)n^ / R^ + M\x) - 2M^ . (3.17) 



Here n is the mode number of the external photon, and in writing these expressions, 
we have continued to use the notation and conventions listed at the beginning of 
Sect. 2. The procedure outlined in Sect. 13.11 then demands that we regularize four- 
momentum integrals by taking their dimensionality to be = 4— e, truncate KK sums 
according to Eq. (13. 2p . and also deform the integrands according to Eq. (13.30 . After 
performing the momentum loop integrations, we then find that these components 
take the form 

• 2 1 A{e)R+xn 

L^"" = -^,R' dx Y: fn"" (3.18) 
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W = - - 7 + log(47r) - \og[{i^Ry + {M{x)Ry] + 0(e) . 



(3.19) 
(3.20) 
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Here 7 is the Euler-Mascheroni constant. Note that the KK summation in Eq. (13.181) 
does not necessarily force the terms which are hnear with respect to to vanish. 
This is an important distinction from the case in which £^ is a continuous variable. 

Given these expressions for the vacuum polarization diagrams, we now demand 
that they respect the Ward identities (I3.13P and (13.141) for the KK photon modes. 
First, we immediately observe from the above results that 



p^/r = [^) c ■ (3.21) 

Thus, we find that the full Ward identity in Eq. (13.131) for the amplitudes 
is satisfied identically as the result of a Ward identity for the integrands /^^^ for 
all external KK photon mode numbers n. This implies that the Ward identity in 
Eq. (13.131) holds regardless of whether the external KK photon is on-shell or off-shell, 
and regardless of how e and A are related in the internal KK sum in Eq. (I3.18p . 
Moreover, because this amplitude contains no external fermions, the fact that the 
Ward identities hold when the external photon momenta are off-shell implies that the 
full Ward-Takahashi identities hold as well. Thus, while Eq. (13.211) is an important 
self-consistency check on our approach, it does not yield any new information which 
helps us determine A(e) or A. 

The situation, however, is different for the Ward identity in Eq. (I3.14p . Examining 
the integrands, we find that 
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1\ [l-2X)r + M\x) . (3.22) 
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Note that this vanishes identically when our external photon is the zero-mode photon 
(^e., = 0) and is on-shell. Thus, we find that the Ward identity in Eq. (13.140 also 
holds automatically for zero- mode photons, as we expect. Moreover, even when the 
external zero-mode photon is not on-shell, the Ward(-Takahashi) identity continues 
to hold because the non-zero factor {p^ — / R^) in Eq. ( 13.220 comes multiplied by 
a single power of which vanishes over the symmetric r-summation in Eq. (I3.18p . 
Together, this is nothing but the preservation of four-dimensional gauge invariance, 
which once again occurs regardless of the precise relations between A, A, or e. 

By contrast, in order to preserve /ive-dimensional gauge invariance, we require 
that the Ward(-Takahashi) identities in Eq. (I3.14p hold for all KK photons — i.e., 
for all values of n. We must therefore concentrate on the cases when n 7^ 0, and 
determine a value for A and a relation between the KK summation cutoff A and e 
such that Eq. (I3.14p holds. At first glance, our main complication is that our cutoffs 
A appear only in the KK summation limits. However, since 7^ 0, we can utilize the 
variable-transformation methods we developed in Sect. 2. Specifically, following the 
steps outlined in Sect. 2, we change variables from x to u defined in Eq. (12.130 and 
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from r to f defined in Eq. fl2.14p . and then drop the hats from u and f. This amounts 
to the algebraic substitution x —>■ {u + j)/|?T,|, and we shall define y = {u + j)/|?T,|. 
Following Eq. fl3.5p . we can then write 
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where the integrand /„ is the variable-shifted version of Eq. fl3.22p , 
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Here W continues to represent the quantity in Eq. fl3.20p . now written with the 
algebraic substitutions (i?£'^)^ ^ (r — m)^ and M'^{x) M^iy). 

It is not immediately clear which relationships between A, A, and e would force 
the expression in Eq. fl3.23p to vanish as A — > oo (or as e 0), or whether such a 
relation even exists. However, we may consider the special case in which the external 
KK photons are on-shell. In other words, we can restrict our attention to the Ward 
identities rather than the full Ward-Takahashi identities. Once we determine the 
appropriate relationships between A, A, and e for the purposes of maintaining the 
Ward identities, we can then verify that the full Ward-Takahashi identities hold as 
well. 

When the external KK photons are on-shell, — rt^ / R^ = and Ai'^{y) = M^. 
Our integrand is also independent of j, which enables us to explicitly perform the 
j-summation in Eq. (13.230 and soak up the overall factor of \n\. We then see that 
Eq. (I3.23P is given by 
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Note that the second equahty above follows from defining w = u — r and r' = — r, 
and the third follows from explicitly performing the truncated KK sum. The fourth 
equality is obtained by substituting IV = 2/e — 7 + log(47r) — log[w^ + (Mi?)^] + 0(e) 
and explicitly evaluating the w-integral. Finally, in writing the final line, we have 
defined A = AR and c = 2/e - 7 + log(47r). 

Given these results, we see that there are many different ways in which this final 
expression can be made to vanish as A — 00, as required by our Ward identity 
for excited KK photons. One possibility, for example, is to demand that A and 
e be related to each other such that 1 + c = log(A^ + M'^R^) up to terms which 
vanish more strongly than 1/A^ as A 00. If we additionally take A = 0, then 
both of the terms in the final expression in Eq. (13.251) will vanish as A — 00 (or as 
e — *■ 0). However, such relations are not suitable for a bona-fide regulator because 
they depend on M. They thus depend on the particular fermions in the theory, and 
are not theory-independent. 

It turns out that there is only one possible M-independent regulator which does 
the job. For large A, we can write log(A^ + M'^R^) 2 log(A) + (M_R/A)^, whereupon 
Eq. (13.251) takes the form 



RJ Att^R 




R^ 

+ 2AM^ (c- 2 log A) + 0{MR/A) 



(3.26) 



We therefore demand that c = 2 log A up to terms which vanish faster than 1/A^ 
as A ^ 0, and we likewise choose A = 3/2. These choices guarantee that p^L'^^ — 
{n/R)L'^^ — > as e — > 0, i.e., as A ^ cxd. 

Thus, to summarize, we conclude that the proper relationship between A and e is 
given by 

- - 7 + log(47r) + 0(e) = 2 log(Ai?) + 5 (3.27) 

e 

where 5 — > as A ^ 00. [For example, for the expression in Eq. (I3.26p . we know that 
5A^ — > as A ^ 00.] We shall discuss the role played by 5 below. We also conclude 
that 

A = 3/2 . (3.28) 

Eqs. (13.271) and (I3.28P are the relations between A, A, and e which preserve higher- 
dimensional gauge invariance as well as higher-dimensional Lorentz invariance. As 
such, these relations therefore define our extended dimensional-regularization (EDR) 
procedure. Moreover, as we shall see, these relations are universal (as demanded by 
our criterion of theory-independence): as we shall soon discuss, they apply for any 
loop diagram in any theory with a circular extra dimension, even though we derived 
them via a study of five- dimensional QED. 
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Finally, although we have shown above that these relations are sufficient to satisfy 
the Ward identities for all KK photons, we have also verified through an explicit cal- 
culation that they actually satisfy the full Ward-Takahashi identities for KK photons 
as well. In other words, the Ward identities are satisfied regardless of whether the 
external photon momenta are on-shell or off-shell. 

We should also emphasize an important point. Clearly, our EDR regulator should 
be applicable for all values of the compactification radius R. As such, the EDR 
regulator should be applicable even in the R ^ oo limit in which flat five- dimensional 
Minkowski space is restored and our KK sum becomes an integral. However, even 
in this limit, our EDR regulator does not reduce to ordinary 't Hooft-Veltman 5D 
dimensional regularizaton. This is because we are continuing to treat the resulting 
five- dimensional momentum integral in an asymmetric way, even in the i? — > cxd limit, 
using 4D dimensional regularization for the large spacetime dimensions and a hard 
cutoff for the extra spacetime dimension. Thus, while we continue to have a self- 
consistent regulator even in the R —>■ oo limit, this is not the flat five-dimensional 
version of the ordinary 't Hooft-Veltman regulator. Note that this situation was 
entirely different for our extended hard-cutoff regulator in Sect. 2. In that case, the 
R ^ oo limit does reproduce an ordinary five-dimensional hard cutoffi 

Another example of this difference between the R ^ oo limit of the EDR proce- 
dure and the ordinary 5D 't Hooft-Veltman dimensional regularization procedure is 
the fact that EDR involves a deformation of the four-momentum components of the 
form i^i'^ — > Pgf^'^ / (4 — e), but a deformation of the extra fifth component of the form 
in Eq. (13. 3p with A = 3/2. These deformations are intrinsically different, and remain 
so even in the R oo limit; indeed, neither of these deformations is what would be 
encountered in 5D 't Hooft-Veltman dimensional regularizaton. These inequivalent 
deformations in some sense compensate for the inequivalent regularizations applied 
to the four-momenta and the KK momenta, and are precisely what are required in 
order to maintain the Ward-Takahashi identities. Moreover, as we shall discuss be- 
low, this is also necessary for the maintenance of five- dimensional Lorentz invariance 
for all values of R. 

Despite these differences, the overall form of the relation fl3.27p is expected at 
a certain intuitive level. We know, for example, that the 1/e pole in ordinary 4D 
dimensional regulation corresponds to a logarithmic divergence, and a logarithmic 
divergence manifests itself as the logarithm of a cutoff A. Thus, a relation of the 
form in Eq. fl3.27p . which relates 1/e to log(A), is to be expected. What is non-trivial, 
by contrast, is that this relation also preserves five-dimensional gauge invariance, as 
expressed through the preservation of the Ward identities. This, of course, was the 
objective of our entire analysis. 
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3.4 Loose ends 



Thus far, our development of the EDR regulator has led us to the conditions in 
Eqs. (I3.27P and fl3.28p . However, there are a number of issues which we have not yet 
addressed: 

• We have not yet demonstrated that these conditions preserve higher- 
dimensional Lorentz invariance. 

• We have not yet demonstrated that these conditions are universal — i.e., that 
they suitably regulate the divergences that might appear in any potential dia- 
gram in a gauge-invariant five-dimensional theory compactified on a circle, so 
that all possible amplitudes satisfy appropriate Ward-Takahashi identities. 

• And finally, we have not yet discussed the significance of the quantity 6 which 
appears in Eq. f l3.27p . 

All of these issues must be addressed before we can claim to have a bona-fide 
regulator for five- dimensional theories compactified on a circle. The purpose of this 
section is to address each of these issues, one at a time. 

3.4.1 Higher-dimensional Lorentz invariance 

We begin by considering the issue of higher-dimensional Lorentz invariance. 

It is, of course, unavoidable that reducing the dimensionality of our uncom- 
pactified spacetime from four dimensions to -D = 4 — e dimensions breaks higher- 
dimensional Lorentiz invariance, since this dimensional-alteration process cannot 
regularize discrete KK sums. Therefore, the best one can do in a dimensional- 
regularization setup is to restore the higher- dimensional Lorentz symmetry at the 
end of a calculation, just as we restore the Ward identities (and more generally, the 
Ward-Takahashi identities) in the A —>■ oo limit. However, we already know that 
our extended hard-cutoff (EHC) regularization procedure in Sect. 3 preserves five- 
dimensional Lorentz invariance, by construction. Therefore, within the context of 
a five-dimensional theory without gauge invariance, if we can demonstrate that our 
EHC and EDR procedures lead to identical results after the cutoffs are removed, 
we will have demonstrated that our extended dimensional-regularization procedure 
preserves higher-dimensional Lorentz invariance. Fortunately, we have done this cal- 
culation within the context of the effective field theories of KK modes discussed in 
Ref. [2], and the results are positive. 

Moreover, even within the calculation we have done in Sect. 3.3, it is straightfor- 
ward to verify that five-dimensional Lorentz invariance is preserved. Recall that we 
began with a vacuum-polarization amplitude in Eq. f l3.16p which a priori transforms 
as a five-dimensional Lorentz tensor. However, after we impose our regulator, this 
expression took the form in Eq. (13.180 where the integrands for the different Lorentz 



26 



components are given in Eq. fl3.19p . Clearly, the forms of these different Lorentz 
components are quite different, and it seems that higher-dimensional Lorentz invari- 
ance is broken. However, if we take the R —y oo limit, the KK sum in Eq. (13.181) 
becomes an integral. Imposing the relations in Eqs. ( 13.27^ and ( 13.28P and assuming 
that Ai'^{x) > 0, we then find that these different components all collapse into the 
single form 

L^^^ = f'dx2x{l-x) {[p^-{py]g''''' -p'^'pH W (3.29) 

where 65 = \/2nRe is the 5D gauge coupling and where 

W = 4A - 27T^M^{x) + O(mVA) • (3.30) 

Likewise, similar expressions can be derived for the case with Ai'^{x) < 0. Clearly, 
the expression in Eq. (I3.29P transforms as a higher- dimensional Lorentz tensor. We 
note that this happens only if we impose the relations in Eq. (13.271) and (13.281) . 

We shall present further explicit evidence of the preservation of five- dimensional 
Lorentz invariance in Sect. HI 

3.4.2 Universality 

In this section, we discuss the question of universality — i.e., whether our EDR 
regulator can suitably regulate the divergences that might appear in any potential 
one-loop diagram in a gauge-invariant five- dimensional theory compactified on a cir- 
cle. 

Thus far, we have only demonstrated that EDR preserves the higher-dimensional 
Ward-Takahashi identities for vacuum polarization diagrams with two external KK 
photons. However, our regulator should respect higher- dimensional gauge symmetry 
in general. This only can happen if our extended dimensional-regularization proce- 
dure preserves KK Ward identities and Ward-Takahashi identities for arbitrary QED 
processes in higher dimensions. 

Even though there are an infinite number of possible amplitudes in QED, it is suf- 
ficient for our regulator to preserve KK Ward-Takahashi identities for loop diagrams 
of the type shown in Fig. [31 with no external fermions. This is because a divergence 
from this type of diagram is the only effect which has the potential to spoil the proof 
of the Ward-Takahashi identity that we outlined in Sect. 3.2. Furthermore, power 
counting in 5D implies that diagrams with six or more external KK photons should 
be finite. Hence, we only need to check that the Ward-Takahashi identities hold for 
amplitudes with at most five external photons and no external fermions. Note that 
for such amplitudes, the Ward-Takahashi identity reduces to the same form as the 
Ward identity, except that the external photons need not be on-shell. 

We can therefore consider the cases with < < 5 external photons individually. 
Just as elsewhere in this paper, we restrict our attention to one-loop diagrams. 
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• = 0: Diagrams of this form with no external photons are mere vacuum 
bubbles which never contribute to physical amplitudes. 

• = 1,3,5: In these cases, our amplitudes have odd numbers of external 
photons and vanish as a consequence of Furry's theorem. Note that Furry's 
theorem is itself a direct consequence of charge-conjugation symmetry, and 
does not rely on gauge invariance per se. Since our regulator respects charge- 
conjugation invariance, the KK Ward-Takahashi identities are thus trivially 
satisfied in each of these cases. 

• N = 2: This is the case we already examined, and we have already shown that 
our dimensional-regularization procedure respects KK Ward-Takahashi identi- 
ties for such vacuum polarization diagrams. 

Given these conclusions, it only remains to check that our regulator preserves the 
Ward-Takahashi identities in the = 4 case, i.e., for "box" diagrams of the type 
shown in Fig. [3] with four external KK photons. 

Of course, if gauge invariance is truly maintained, then power counting actually 
over-estimates the degree of divergence in each diagram. This is because gauge invari- 
ance generally removes several powers of divergence from each diagram. For example, 
we have already seen that gauge invariance forces the vacuum polarization diagrams 
to diverge linearly in the summation cutoff A rather than cubically. In general, in- 
serting extra external photons will also decrease the degree of divergence. Therefore, 
if we can show that the A^ = 4 box diagram is actually finite, then our demonstration 
of universality is complete. 

Evaluating the box diagram is a rather complicated undertaking, even in four di- 
mensions [5]. Therefore, rather than providing a direct evaluation in five dimensions, 
we shall instead provide an indirect argument that this diagram is indeed finite. Our 
argument proceeds as follows. Let us first consider the i? — oo limit in which our ex- 
tra dimension is completely uncompactified. In this case, we know that the ordinary 
't Hooft-Veltman 5D dimensional regularization procedure [3] provides a valid regu- 
lator which preserves the Ward-Takahashi identities. Given that the Ward-Takahashi 
identities are satisfied for this regulator, it can be shown that our 5D box amplitude 
is finite; this will be demonstrated explicitly below. Thus, we conclude that the box 
amplitude is finite in the i? — > cxd limit. However, the process of compactifying the 
extra spacetime dimension cannot change the leading-order divergence structure of 
an amplitude; an amplitude which is finite as i? ^ oo must be finite for all values 
of R. This radius-independence of the leading divergence structure follows from the 
fact that the UV behavior of an amplitude should be independent of the large-scale 
geometry of our smooth spacetime manifold. (Indeed, one of the primary alternative 
regularization methods to be discussed in Sect. 4 will depend on this fact.) 

The only missing step, then, is to demonstrate that our five- dimensional box am- 
plitude is finite in the i? — oo limit if the Ward-Takahashi identities hold. However, 
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this result is well-known in the four-dimensional case (see, e.g., Ref. and every 
step of the proof carries directly over to the case of the one-loop box amplitude in 
five dimensions. The only difference is that rather than having a degree of divergence 
of —4 (as in four dimensions), this amplitude now has a degree of divergence of —3. 

One might worry that this proof has a potential loophole. Since the individual 
diagrams contributing to the box amplitude are separately superficially divergent, 
a bad choice of regulator could disturb the cancellation between diagrams triggered 
by gauge invar iance, thereby yielding an incorrect, divergent result. However, it is 
always possible to use a gauge-invariant regulator such as the Pauli-Villars regulator 
in order to render each diagram individually superficially convergent. There is then 
no danger of destroying the cancellations between diagrams, and the Pauli-Villars 
regulator can be lifted at the end of the calculation. Indeed, this "pre-treating" of 
each diagram with a Pauli-Villars regulator can also be used to justify the Furry- 
theorem cancellations inherent in the = 1, 3, 5 diagrams. 

Within box diagrams, such cancellations are actually rather robust. For example, 
in the four-dimensional case, the required cancellations are known to occur in a special 
case (so-called "Delbriick scattering" [5j) even when a simple hard cutoff is used. 

We thus conclude that the EDR procedure preserves the Ward-Takahashi iden- 
tities for all possible one-loop diagrams in five- dimensional QED compactified on a 
circle. 

3.4.3 The fate of 6 

Thus far, we have shown that our momentum integrations and KK sums must have 
cutoff parameters e and A which are related through Eq. fl3.27p . This expression is 
sufficient to describe the manner in which e and A are correlated as e ^ (or as 
A oo). 

However, each side of this relation contains additional terms [0{e) and 6 respec- 
tively] which vanish in these limits. Even though these terms individually vanish, 
it may seem that determining these terms can be critical for performing radiative 
calculations. For example, in a given calculation, S may eventually be multiplied 
by terms which grow as A — oo; this structure is already apparent in expressions 
such as Eq. (13.261) . Thus, it may appear that S can give rise to non-zero terms 
which contribute to the final results of radiative calculations, even after the cutoff is 
removed. 

Clearly, the precise form of the 0{e) terms will depend on the specific diagram 
in question, much as we expect in ordinary 4D dimensional regularization. Conse- 
quently, we expect that 6 will also be a diagram- dependent quantity. We stress, how- 
ever, that the relation f l3.27p is itself general. Indeed, the only diagram- dependence 
is in how certain terms (which vanish as the cutoffs are removed) are reallocated 
between C(e) and 5 in Eq. ([32ZD- 

We shall now discuss the fate of 5 as a contributing factor in any field-theory 
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calculation. As we shall explain, no physical observable can possibly depend on 6. 
Therefore, it is never necessary to calculate 6 for any given diagram, and the universal 
relation in Eq. fl3.27p is sufficient for the calculation of any physical observable. 

This claim ultimately rests on the observation that any physical observable must 
be finite and regulator-independent. For example, a diagram such as that in Fig. [1] 
represents a one-loop mass shift for the external particle. If L„ represents the value 
of this diagram when the external particle carries KK mode number n, we know 
that each L„ might individually be divergent; it is only after renormalization that 
such a one-loop corrected mass becomes finite. However, differences such as L„ — Lq 
represent one-loop radiative contributions to the mass differences between different 
KK modes. Since such mass differences are physical observables, quantities such as 
Ln — Lq should be both finite and regulator- independent. In an upcoming paper [2], 
we shall demonstrate that such differences are indeed regulator- independent: even 
though the raw expressions for the loop-diagram differences appear to contain the 
regulator cutoffs, these cutoffs can all be eliminated through resummations and can- 
cellations. However, imposing the requirement of finiteness on these differences will 
lead us to our observation about the irrelevance of S. 

We begin by considering the result of any single diagram. Our interest is in the 
behavior of such a diagram as our cutoff is removed {i.e., as A ^ oo), so we shall 
concentrate on only those contributions which potentially survive as A — oo. In 
general, following steps such as those which led to Eq. fl3.26p . we may express the 
value of any particular diagram L^*) in the form 

L» ~ «[,') + a«(A) + (5»(A)/3«(A) (3.31) 

where the symbol '~' indicates that we are only retaining terms which survive as A — > 
oo. In Eq. fl3.3ip . ag'' is a diagram-dependent constant term, while a^*-* and /?^*) are 
diagram-dependent diverging functions of A. Likewise, (J*^*-* is our diagram-dependent 
5-parameter. Even though (J*^*^ is assumed to vanish as A oo, it multiplies a 
potentially divergent function /3^*-'(A) and thus can still give rise to a contribution 
which survives as A — > oo. In general, this contribution will take the form 

5«(A)/5«(A) ~ 6S,')+6«(A) (3.32) 

where once again Bq '^ is a potential constant (A-independent) term and 6(*)(A) is a 
divergent function of A. 

Given these individual diagrams L«, the correction to a physical observable at 
one-loop order will always take the form of a linear combination '}2ciL^'^\ Such a 
physical observable will therefore have the divergence behavior 

c,L^'^ ~ Y: c^af + c.«^^HA) + Y c^^? + E c^&^^HA) . (3.33) 

i i i i 
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However, because this corresponds to a physical observable, we know that this ex- 
pression must be finite as A ^ cxd. We therefore have that 

^Qa«(A) = -5]c,6«(A) . (3.34) 

i i 

Moreover, as we shall explain below, we further claim that 

Ec4^^ = 0- (3-35) 

i 

Thus, regardless of the precise value of the 5^*^ (A) functions, we see that their entire 
purpose is simply to soak up all other potential divergences from physically observable 
quantities. In the end, the final result for any physical observable in the A — > oo limit 
is given by J2iCi<^o \ and this quantity is completely 5^'^ -independent. 

Of course, a critical step here was the assumption in Eq. (13.351) that J2i Cibo^ = 0. 
However, this quantity must cancel because it is regulator-dependent (depending 
ultimately on the individual 5(*^'s). Indeed, as we have discussed above, this quantity 
is related to the regulator-dependent 0{e) terms through Eq. (13.271) . and as such these 
fog ^ terms are analogous to the factors of log(47r) or the Euler-Mascheroni constant 
7 which appear in dimensional regularization calculations but have no observable 
effects. The cancellation in Eq. (I3.35P is merely the expression of the fact that such 
terms will always cancel in the calculation of any physical observable. 

Thus, we conclude that the 6 terms in Eq. (I3.27P — although potentially important 
for the value of any individual diagram L^^^ — will ultimately be irrelevant for the 
calculation of any physical observable. Therefore, as indicated above, it is never 
necessary to calculate 6 for any given diagram, and the universal relation in Eq. (13.271) 
is sufficient for the calculation of any physical observable. 

4 Comparisons with Other Regulators 

In this section, we shall compare our techniques with other regulators that exist 
in the literature for dealing with higher-dimensional quantum field theories with 
compactified extra dimensions. We shall pay particular attention to existing methods 
which respect higher-dimensional symmetries, with the purpose of demonstrating that 
our regulator successfully reproduces results that can be obtained by these methods. 
However, we also shall explain why our particular regulators are useful, despite the 
existence of alternatives. We shall also illustrate the unwanted complications that 
can emerge when one employs a regulator which does not respect higher-dimensional 
symmetries. 

4.1 Review of existing techniques 

We begin by reviewing various regularization techniques which have already ap- 
peared in the literature. 
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The most straightforward way to analyze radiative corrections on extra dimensions 
is to decompose our higher- dimensional fields in terms of KK modes, and to treat 
these modes as heavy 4D particles. One defines the theory up to some large but 
finite cutoff A, and the Euclidean four-momenta of particles and their KK masses are 
assumed to lie below this cutoff, i.e., 

p| < A^ (4.1) 

and 

ml < A\ (4.2) 

where m„ is the mass of the n^^ KK mode. For compactifications on a circle, these 
masses given by the usual dispersion relation: 

ml = m^ + —. (4.3) 

In the usual treatments, Eqs. (14.11) and (14.21) are taken to be independent constraints, 
since such a regulator is insensitive to the original higher-dimensional nature of the 
KK theory. By contrast, the dispersion relation in Eq. (14. 3 p is nothing but the 
expression of 5D Lorentz invariance which exists at tree level. 

This sort of regulator has been applied in a number of calculations going all the 
way back to the original work in Ref. [6j, in which it was shown that gauge coupling 
unification can occur with a significantly reduced GUT scale in a higher-dimensional 
context, and that large fermion mass hierarchies can also be generated. Since then, 
regulators such as these have been applied in a variety of contexts having to do 
with precision studies of extra dimensions and their diverse effects on ordinary four- 
dimensional (zero-mode) physics. 

These studies all have one feature in common: they are concerned with the prop- 
erties of the zero modes and the radiative corrections to these properties which are 
induced by the existence of the excited KK states. Because the properties of the zero 
modes are sensitive to only four-dimensional symmetries, regulators which break five- 
dimensional symmetries but preserve four- dimensional symmetries are sufficient for 
such calculations. For example, it is straightforward to demonstrate that for cal- 
culations involving only zero modes, the sort of 4D regulator defined in Eqs. (14.11) 
and (14. 2 p and the 5D regulator we introduced in Sect. [2] will yield results whose 
divergences differ by at most an overall multiplicative constant. However, such a 
constant can be absorbed into the definition of the cutoff itself (which is particularly 
ambiguous in a non-renormalizable theory), and these effects necessarily vanish as 
the regulator is removed. Thus, both types of regulators will produce identical results 
for all zero-mode calculations. 

Unfortunately, such four-dimensional regulators are insufficient for calculations of 
the properties of the excited KK modes themselves. Such regulators are therefore 
also insufficient for calculations that aim to compare the properties of the excited KK 
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modes (such as their masses or couphngs) with those of the zero modes, as might be 
extracted in a coUider experiment. Indeed, as we shall show explicitly in Sect. 14. 3[ 
such four-dimensional regulators lead to unphysical artifacts which are difficult to 
disentangle from true, physical effects. 

To date, there are very few calculational methods in the literature which preserve 
the original higher-dimensional symmetries that existed prior to compactification. 
However, there are three notable exceptions which we shall now discuss. 

First, it can sometimes happen that no regulator is needed, even in higher di- 
mensions. For example, in Ref. [7], a practical example of a regulator- independent 
calculation in higher dimensions was given. Specifically, the authors of Ref. ^ cal- 
culated g — 2 for the muon in a higher- dimensional Standard Model compactified on 
universal extra dimensions. For the case of a single extra dimension, they found that 
g — 2 received only finite corrections from KK modes at one-loop order. Of course, 
no regulator was needed in this case. However, they found that such corrections 
diverged logarithmically in six dimensions. 

Second, it can sometimes happen that a four-dimensional regulator might itself be 
sufficient in higher dimensions. An example of this phenomenon appears in Ref. [8]. 
Applying ordinary 4D dimensional regularization, the author of Ref. [8J showed that 
it was possible to obtain regulator-independent results for QED on a universal extra 
dimension. A priori, one would have expected an infinite number of counterterms for 
this theory, due to its non-renormalizability. However, it was shown in Ref. [S] that 
only a counterterm for the electric charge was needed for describing corrections to the 
zero-mode coupling at one-loop order. Specifically, the author of Ref. [8] calculated 
the vacuum polarization diagram L^'^{p) = Il{p'^){p'^p'^ — g^'^p^) for a photon zero 
mode with four-momentum p, and found that the regulator e canceled in the difference 
H(p^) — H(0). Any divergence in a correction to a higher-order coupling operator 
{e.g., the electron magnetic moment) is therefore solely a consequence of the charge 
renormalization. Quantities such as, g — 2 receive finite (hence, regulator- independent) 
corrections. However, the author of Ref. [8] showed that this sort of cancellation 
occurs only at one-loop order in 5D, and explicitly demonstrated that additional 
counterterms are needed when there are two extra dimensions. Moreover, there was 
no discussion of vertex corrections, which are needed for calculating corrections to 
higher-order operators. 

To the best of our knowledge, there is only one other regulator which has ap- 
peared in the literature which is intrinsically higher- dimensional and which preserves 
higher-dimensional Lorentz and gauge symmetries. This is the regularization method 
developed in Ref. I^j. This method rests upon the observation that the effects of com- 
pactification should evaporate in the UV limit, and consequently the UV divergence 
of a given diagram evaluated on a four-dimensional space with a single compacti- 
fied extra dimension should be the same as the UV divergence of the same diagram 
evaluated on a five-dimensional fiat (uncompactified) space. One can thus extract a 
finite result from any given loop diagram in the compactified theory by subtracting 
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the value of the corresponding diagram in a theory where all of the dimensions are 
infinite. In this way, one therefore obtains [9] a recipe for extracting finite values 
from loop diagrams which respects the full higher- dimensional Lorentz invariance as 
well as whatever higher- dimensional gauge invariance might exist. 

Operationally, the technique in Ref. [9] employs a Poisson resummation in order 
to recast the sum over Kaluza-Klein momentum mode numbers n within a loop 
diagram on a compactified extra dimension as a convergent sum over a "dual" set 
of winding numbers w. It turns out that the w = contribution is nothing but 
the contribution from the corresponding diagram evaluated on the uncompactified 
space. This "regularization" procedure therefore amounts to transforming to the 
dual winding-number basis and then disregarding the contribution from the w = 
winding mode. 

As an example, using this method, the authors of Ref. [9] examined five- 
dimensional QED with massless fermions, compactified on a circle. Although the 
zero-mode photon does not gain a mass as a result of four- dimensional gauge invari- 
ance, it was found that the masses of the excited KK photon modes are each shifted 
by a uniform amount 

A 2 _ _ sr 2 _ _ e^C(3) 

where e is the unit of electric charge and where the (^-function represents the winding- 
number sum: 

CH = E — • (4-5) 

10 = 1 

Indeed, most of the results obtained using this method involve the ^-function as a 
sum over winding numbers. 

We note that it was strictly for gauge fields that the authors of Ref. [H] found such 
a splitting pattern. In an upcoming paper P] , we shall show that such splittings also 
occur for other types of particles, even when there is no gauge symmetry. However, 
we find that these types of splittings occur only when the four- dimensional masses of 
our particles are non-zero (a case which was not considered in Ref. [9]). 

It is important to note that the procedure introduced in Ref. [9] is not, strictly 
speaking, a regulator. Indeed, a regulator is a way of temporarily deforming a diver- 
gent expression to render it finite; such deformed expressions are then parametrized 
by a continuous deformation parameter (such as A or e) which is removed at the end 
of the calculation. For example, let us assume that two expressions A and B are 
each separately divergent, but their difference is a physical quantity and therefore 
finite. Rather than separately evaluate A and 5, we might instead evaluate A' and 
B' , where A' and B' are regulated, finite expressions. We would then find that A' — B' 
is either regulator- independent, or tends to a finite value as the regulator is removed. 

By contrast, the procedure introduced in Ref. [9] is simply a method of extracting 
a finite expression from a single, infinite diagram. In general, we have no assurance 
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that this finite expression corresponds to any physical quantity unless the particu- 
lar calculation we are doing happens to lead to this expectation for other reasons. 
For example, let Lnln denote the value of a one-loop vacuum-polarization diagram 
with an external KK photon with mode number n, evaluated when our extra space- 
time dimension has radius R, and let L„|oo denote the value of the corresponding 
vacuum-polarization diagram on an infinite extra dimension. (The subscript n in 
the uncompactified case indicates that the fifth component of our external photon 
momentum is still given by n/R, just as in the compactified case.) Let us also define 
Lnln as that portion of Lnln which renormalizes the mass {i.e., L'^''\r would represent 
the piece within L^'^\^ which is proportional to the metric g^'^). Within such a setup, 
we can then write expressions such as Z/„ | ^ — Lq | h in the form 

LtiIr — LqIr = {Ln\ji — Ln\oo) — {LqIji — Lq\oo) (4.6) 

where we have taken L„|oo = -Z^oloo (as occurs when appropriate renormalization 
conditions are applied, such as placing the external photons on-shell in each case). 
Now, the residual four-dimensional gauge symmetry requires that Lo\r should vanish 
for all R (including R oo), whereupon we conclude that the physical difference 
Lnln — Lq\ji is actually finite and given by Lnln — Ln\oo- Indeed, it is for this reason 
that this technique is capable of evaluating radiative shifts to individual KK masses, 
even though it was designed only to yield differences between corrections to quantities 
in a compactified theory and an uncompactified one El 

Even though the method of Ref. [5] is not, strictly speaking, a regulator, it is 
nevertheless possible to generalize this method slightly in order to make it a fuU- 
fiedged regulator. For example, we could always write any (divergent) expression 
Ln\R in the form 

LuIr = (-^n|_R ^ -^nloo) + -^nloo • (4-7) 

The first term would then clearly be finite, and the second term could be regularized 
using any of the standard higher-dimensional regulators that apply in an uncompact- 
ified space. Together, we would then have a bona-fide regulator prescription which 
could be universally applied for any expression L„|/j. However, such a regulator would 
involve two separate methods, one for each of the terms in Eq. (14. 7p . and would thus 
be relatively awkward to employ in practical settings. 

* Note that in this specific example of KK-photon mass renormalization, the above results also 
imply that i„|oo = for all n. Of course, this can be easily understood as a result of /iwe-dimensional 
gauge invariance. Thus, in this particular case, our original diagram was already finite by 

itself, and indeed the subtracted term Ln\oo vanishes. We have nevertheless chosen to present this 
somewhat "null" example because this is the original example given in Sect. II of Ref. [9 . In this 
context, we remark that although the result [9] quoted in our Eq. (|4.4|) is correct, it would be 
incorrect to make the further assumption that the w = contribution follows the same functional 
form as the w ^ contributions, diverging as l/w with w 0. Indeed, as we have explained 
above, the w = contribution actually vanishes by five-dimensional gauge invariance, and a direct 
calculation of the w = contribution will yield an expression which is either identically zero, or 
occasionally indeterminate in the absence of a suitable regulator. 



35 



4.2 Comparisons with previous results 



If our EHC and EDR regulators are valid, they must reproduce the results derived 
via the winding-number technique discussed above. In this section, we shall show that 
this is indeed the case. 

We first consider the squared- mass shift described by Eq. (14. 4p . This shift is 
derived from the part of the vacuum polarization diagram in Eqs. (13.181) and (I3.19p 



which is proportional to g'^'^. As above, we define L^'^ to be this part of the diagram. 
Let us first evaluate this expression following our extended dimensional-regularization 
(EDR) procedure. Utilizing our A(e) relation in Eq. (I3.27P and explicitly performing 
the sum over KK modes, we obtain 



L^"" = ^ hm <^ -iXRY 



\og{KR) 



3' ' ' ' 3 
+ 2 ^ log(r2) I . (4. 



r=l 



Therefore, our regulator will not reproduce the result in Eq. (14.41) unless 

log(Ai?) 



hm <^ -{KRY 

Ai?^oo 19^ ' 3 



^(Ai?)3 + 2(Ai?)2+^^^ 



3' ' ' ' 3 
+ 2^ rMog(0| I (4.9) 



On the surface, such an identity would seem somewhat improbable, since the left side 
involves individual terms which are each manifestly divergent, while the right side is 
finite. Indeed, some of the terms on the left side of Eq. (14.91) are simple polynomials 
in Ai?, while the expression on the second line is a discrete sum in which KR appears 
as an upper limit. 

Surprisingly, however, it is easy to verify numerically that Eq. (14. 9 p holds to any 
precision desired. Indeed, the expression on the left side of this identity experiences 
a remarkably fast convergence to C(3)/vr2, aij^g^^jy coming within 10% of this value 
for KR = 1, and coming within 1% for AR = 9. In fact, Eq. (14.90 is an entirely novel 
mathematical representation for the (^-function as the limit of an infinite summation. 
Equivalently, inverting this relation provides an analytical form for the infinite sum 
X]r logl'"^)) which can be useful in many contexts dealing with KK summations. 

This, then, provides a highly non-trivial check of our extended dimensional 
regularization (EDR) procedure. By demonstrating that EDR is consistent with 
the technique in Ref. we once again verify that EDR indeed preserves both 
higher-dimensional Lorentz invariance and higher-dimensional gauge invariance, as 
promised. Although we have only shown a comparison for one particular diagram, it 
is straightforward to verify that similar cross-checks hold for other diagrams as well. 
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We can also verify that our extended hard cutoff (EHC) regulator is consistent 
with the method of Ref. |9]. However, in order to make such a comparison, we 
should examine a theory which exhibits higher- dimensional Lorentz invariance but 
not higher-dimensional gauge invariance. 

For this purpose, let us examine a toy five-dimensional model consisting of a single 
scalar and a single fermion ip compactified on a circle and experiencing a Yukawa 
interaction of the form G(l){ipip) where G is the five-dimensional Yukawa coupling. 
Indeed, this theory will be analyzed more extensively in Ref. [2] . Within this theory, 
let us examine the one-loop diagram which renormalizes the squared mass of a KK 
excitation of the scalar field with mode number n. This diagram is shown in Fig. [H 
where we now take the external lines to represent KK modes of the scalar and the 
internal lines to represent KK modes of the fermion tl). As before, we shall write 
Ln\R to denote the value of this diagram when our extra spacetime dimension has 
radius i?, and we shall write L„|oo to denote the corresponding diagram on an infinite 
extra dimension. Note that in the latter case, despite the disappearance of discrete 
KK modes, the subscript n continues to be specified as a reminder that the fifth 
component of the external momentum in such a diagram should continue to carry 
the value n/R. 

Because gauge invariance is not a symmetry of this theory, it will be sufficient 
to employ our extended hard cutoff (EHC) regulator in evaluating this diagram. 
Following the procedure outhned in Sect. [H we then obtain the expression 



-I r I ig"^ [4,, lyR 

^-\^-LnU = ^2 ^^^^ [-g(^R) - — 

^(Ai?)=^ + 2(Ai?)2+^^^ 



3' ' ' ' 3 



AR ^ 

log(Ai?) + 2 ^ log(r2) . 

r=l J 

(4.10) 



The quantity A now represents our hard cutoff, which is the same for both diagrams, 
and g = G/y/QjcR represents the Yukawa coupling of each individual KK mode. 
Note that the above result holds for any value of n, including n = 0, and holds 
independently of whether the 5D scalar is real or complex (since the scalar does not 
run in the loop). By contrast, the regularization technique of Ref. [9j leads to the 
expression 

L.U-L,.U^^C(3)^3^C(3). (4.11) 

However, once again, the identity in Eq. (14. 9 p ensures that these results are equivalent. 
Indeed, we see that Eq. (14. 9 p essentially serves as a mapping between the results 
derived using the methods of this paper and those derived using the methods of 
Ref. 0. 

Although these UV regulators yield the same results for mass corrections, they 
nevertheless treat infrared (IR) divergences differently. Because there is no direct 
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relationship between the IR divergence that results in a given diagram when an extra 
dimension is compactified and the IR divergence that results when the extra dimen- 
sion is infinite, the regularization method of Ref. [9] does not eliminate IR divergences. 
Indeed, the discrete KK sum that results for a compactified extra dimension and the 
KK integral that would result in the case of an infinite dimension only become more 
dissimilar in the IR limit. Of course, the regulators in this paper also leave IR diver- 
gences intact. However, because the method of Ref. [9] requires that we pass from 
a KK momentum basis to a KK winding basis in order to eliminate the UV diver- 
gence, any IR divergence which remains is redistributed across all winding modes, 
particularly those with large winding numbers, and can no longer easily be isolated. 
By contrast, because our methods do not require any such reorganization, the IR 
divergences that remain in our method continue to be easily identified and treated. 

As a concrete example of these ideas, let us consider the vacuum polarization 
diagram L^f^ in the case in which the external KK photon of mode number n is 
on-shell and the bare (five-dimensional) mass M of the fermion running in the loop 
is zero. Using our EDR procedure, we obtain the results in Eqs. fl3.18p and fl3.19p . 
Although the integrands in Eq. fl3.19p are finite for each non-zero r, the quantity 
W in Eq. fl3.20p diverges for n = r = 0, i.e., for a zero-mode external photon with 
a zero-mode fermion running in the loop. This is the IR divergence, encapsulated 
entirely within the zero-mode contribution to the KK sum in Eq. fl3.18p . By contrast, 
if we were to use the methods of Ref. [H] to analyze the same vacuum-polarization 
diagram, we would obtain the result 

47r^ 3 j„ \w\ 

In this case, the IR divergence is refiected in the divergence of the winding-number 
sum, and cannot be isolated to a particular term within Eq. fl4.12p . 

Note that IR divergences can generally be regularized through the introduction 
of small masses. For example, the IR divergence discussed above is eliminated when 
the fermion is given a small non-zero four-dimensional mass or the external photon 
is slightly off-shell. The introduction of such a mass is relatively straightforward 
to implement within the framework of the regulators in this paper. However, the 
introduction of such a mass within the framework of Ref. [9] might be significantly 
more complicated. Such an IR regulator would inevitably be redistributed across 
every contribution to the winding- number sum (rendering it finite), but such a sum 
is not likely to have a simple mathematical form. Alternatively, one could imag- 
ine regulating a sum such as that in Eq. fl4.12p directly (e.g., by inserting a small 
Boltzmann-like suppression factor), but such an insertion is likely to break higher- 
dimensional Lorentz invariance or gauge invariance. Moreover, it is not clear that 
transforming such a factor back to the KK momentum basis would provide it with 
any clear physical interpretation. 
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We have seen, then, that the regulators we have proposed in this paper are able 
to reproduce the corresponding results of Ref. |9j when appropriate. However, to be 
truly useful, our techniques also must apply in situations where other methods do 
not. Since the technique in Ref. |9] operates strictly in the winding- number basis, it 
loses information about contributions to radiative corrections from different physical 
momentum scales. This poses no problem in calculations of radiative corrections 
to physical parameters {e.g., masses and couplings) which would be observed in ex- 
periments. However, it is not possible to calculate Wilsonian renormalization-group 
evolutions of such parameters in this scheme. If extra dimensions are discovered at a 
future collider, it may be desirable to define EFT's for KK modes below the center- 
of-mass (CM) energy. Calculating the parameters in such a theory would require 
the use of the Wilsonian renormalization group, with the corresponding evolution of 
parameters running from the UV to the CM energy. As we shall see in Refs. [H [2], 
our regulators can handle such calculations explicitly. Indeed, this was one of our 
original motivations for developing the new regulators in this paper. 

4.3 The necessity of preserving higher-dimensional Lorentz invariance 

In this section, we illustrate the pathologies which appear when using regulators 
that break higher- dimensional Lorentz invariance. As a concrete example, we shall 
again consider our toy five-dimensional model consisting of a single scalar and a 
single fermion ip compactified on a circle and experiencing a Yukawa interaction of 
the form G(f){ilJtp) where G is our five- dimensional Yukawa coupling. Within this 
theory, we shall attempt to calculate the radiative corrections to the KK masses of 
the scalar using a regulator which preserves four- dimensional Lorentz invariance but 
breaks five- dimensional Lorentz invariance. 

Once again, we shall do this by calculating the difference between a loop diagram 
which renormalizes the squared mass of a scalar mode in Yukawa theory and the 
corresponding diagram for the zero mode. We define Ln{p) to be the squared- mass 
renormalization diagram for a scalar with mode-number n and four-momentum p 
(shown in Fig. [1]). For simplicity, we take the zero- mode masses and m<^ of these 
two fields to vanish. We then find 

where g = G/\/2'kR. Note that we now write (r — xn)/R rather than £^ because we 
are no longer treating this quantity as the fifth component of a five- vector. 

The expression in Eq. (14.131) is badly divergent, and must be regularized. Let 
us therefore place a 4D cutoff K on Ie and truncate the KK sum at this cutoff. 
In other words, we shall take our integration limits to be given by ^\ < A? and 
our summation limits to be given by — Ai? < r < KR. Note that these constraints 
break higher- dimensional Lorentz invariance, since they separately regularize four- 



+ ^(^ - n)/R^ + x(l - x)n^/R^ 



1 + 



xn, 



2\2 



(4.13) 
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momentum integrals and KK sums. Nevertheless, imposing these constraints, we 
find that 




AR „i 







+ 



r=-AR •'^ y 

[r — xn)^ + (r — xn)^ \x[x — V)r? — r{r — n)] 



A^B? + (r — xnY 



+ 



2(r — xn)'^ + x{x — \)n^ — r(r — n) 



log(A^/?2 + (r 



xn)^) — 2 log(r — xn) 
21ogr > . 



(4.14) 



Clearly, this expression diverges linearly with A. This is a problem, since this quantity 
corresponds to the difference between squared masses, which should be finite. 

The reason this divergence appears is that the loop diagrams in this equation do 
not determine renormalized masses by themselves. Rather, each KK mode should 
have a counterterm for its squared mass, and a calculation of a squared mass difference 
must include these counterterms. Such terms would indeed cancel artificial violations 
of Lorentz invariance. However, they also would break the KK dispersion relation for 
the underlying theory, since they are part of the bare Lagrangian. 

This situation has an analogue in four-dimensional QED. If we use a hard cutoff 
to regularize divergences in that theory, we then generate a photon mass which is 
proportional to the cutoff. As well as being divergent, such a mass term violates 
gauge symmetry. However, as is well known (see, e.g., Ref. [1]), this problem can 
be remedied by introducing counterterms which break gauge invariance and cancel 
the unphysical effects from loop diagrams. However, our bare Lagrangian is then no 
longer gauge invariant. 

In 5D Yukawa theory, the relevant symmetry is higher-dimensional Lorentz in- 
variance. In the spirit of QED, it may therefore appear straightforward to intro- 
duce counterterms to cancel regulator-induced violations of 5D Lorentz invariance. 
However, the compactification of an extra dimension also breaks higher-dimensional 
Lorentz invariance at finite scales. This violation can manifest itself in an EFT as a 
violation of the usual 5D dispersion relation, as in the case of Eq. (14. 4p . Therefore, 
counterterms would not only have to cancel unphysical violations induced by our 
regularization scheme, but nevertheless preserve the bona-fide effects induced by the 
compactification itself. Without a priori knowledge of what the results should be, it 
would be quite difficult to determine which effects would be physical and which would 
not. Indeed, it would be difficult to deduce the form of appropriate counterterms if 
we limit ourselves to this sort of regulator. Such a regulator, therefore, does not lend 
itself to a straightforward calculation involving the relative renormalizations of the 
parameters describing a KK spectrum. 
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As required, the regulators developed in this paper yield finite loop-diagram dif- 
ferences and thus avoid this problem. We therefore did not need to introduce coun- 
terterms, since the squared masses of KK states — which are renormalized by our 
loop diagrams — all carry the same divergence at tree level. Indeed, the dimen- 
sionless squared masses are given by the relation m\R^ = rn^R^ + at tree level, 
and only the rn^R^-ieim. diverges in the UV. Hence, only one counterterm is needed 
for the entire mass spectrum of KK states, and the effects of such a counterterm 
cancel when calculating differences between squared masses. Similar results hold for 
other types of loop diagrams. It is for this reason that our techniques can produce 
regulator-independent EFT's. These issues will be discussed in more detail in Ref. pQ. 

5 Conclusions and Future Directions 

In this paper, we proposed two new regulators (EHC and EDR) for quantum 
field theories in spacetimes with compactified extra dimensions. Although they are 
based on traditional four-dimensional regulators, the key new feature of these higher- 
dimensional regulators is that they are specifically designed to handle mixed space- 
times in which some dimensions are infinitely large and others are compactified. 
Moreover, unlike most other regulators which have been used in the extra-dimension 
literature, these regulators are designed to respect the original higher-dimensional 
Lorentz and gauge symmetries that exist prior to compactification, and not merely 
the four-dimensional symmetries which remain afterward. 

As we have discussed, these regulators should be particularly useful for calcu- 
lations of the physics of the excited Kaluza-Klein modes in any higher-dimensional 
theory, and not merely the radiative effects that these excited KK modes induce on 
zero modes. Indeed, by respecting the full higher- dimensional symmetries, our reg- 
ulators avoid the introduction of spurious terms which would not have been easy to 
disentangle from the physical effects of compactification. 

Moreover, as part of our work, we also derived a number of ancillary results. For 
example, in gauge-invariant theories, we demonstrated that analogues of the Ward- 
Takahashi identity hold not only for the usual zero-mode (four-dimensional) photons, 
but for all excited Kaluza-Klein photons as well. 

Clearly, the analysis we have done in this paper only begins to scratch the surface 
of what is possible. For example, this analysis has been restricted to five dimensions 
and, in many places, to one-loop amplitudes. While this clearly covers the most 
pressing situation that might emerge if extra dimensions are ultimately discovered, 
it would be interesting to extend our discussion to multi-loop amplitudes (where 
appropriate) and to even higher dimensions. In particular, both of these extensions 
would involve additional KK sums which would require their own cutoffs, and thus 
there will be additional balancing constraints that must be imposed between these 
cutoffs and the regulator of the four-dimensional momentum integral in order to 
preserve higher-dimensional Lorentz and gauge symmetries. 
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Other sorts of extensions are also possible. For example, in more than five di- 
mensions, we can consider compactifications not just on flat spaces (such as we have 
considered here), but also spaces with their own intrinsic curvatures or warpings. 
Moreover, even for flat compactification manifolds, there remains the possibility of 
having non-trivial shape moduli [10]. All of these possibilities represent different 
types of mixed spacetimes which would have unusual KK spectra and which would 
in principle require their own analysis. 

There are also other important geometric extensions to consider, even in five 
dimensions. For example, although the analysis of this paper has been restricted 
to compactification on a smooth manifold, it is important to extend these results to 
orbifolded spacetimes which contain boundaries {i.e., branes, or orbifold fixed points). 
Indeed, compactification on such orbifolded geometries is ultimately required in order 
to obtain a chiral theory in four dimensions. In such theories, some processes are 
purely four- dimensional (occurring on the branes) while others are five-dimensional 



and others are mixed. Although the existence of brane-kinetic terms p[I] can have 
a profound effect on the physics on the brane, we nevertheless expect our higher- 
dimensional Ward identities to be preserved in the bulk. Regulators such as those 
we have developed here should therefore continue to have application for the bulk 
physics in such situations. This will be discussed in more detail in Ref. [2]. 

Even within the framework of compactification of a single extra dimension on 
a circle, there remain important extensions of our work which we have not consid- 
ered. For example, we have primarily focused on abelian gauge theories and their 
associated Ward identities, but we have not considered their non-abelian extensions. 
This will be important for ultimately calculating radiative corrections within, say, 
a higher-dimensional Standard Model. Likewise, in this paper we often considered 
five-dimensional QED. Although this theory is non-renormalizable, we restricted our 
attention to the usual electron/photon coupling and did not allow allow additional 
non-renormalizable interactions. Even though such interactions should continue to 
respect our higher- dimensional Lorentz and gauge symmetries (therefore requiring 
the use of a regulator such as we have developed here), the existence of such inter- 
actions can be expected to lead to complications beyond those considered in this 
paper. 

Finally, it should be stressed that this work focused on only one rather narrow 
type of regulator, namely one in which our KK sums were regulated through a hard 
cutoff A. However, other types of regulators are possible. For example, an infinite 
KK sum might alternatively be regulated through the introduction of Boltzmann-like 
suppression factors, e.g., 

E - ^ E-e"^'^' (5-1) 

where ?/ > is a regulator parameter. One would then take ?/ ^ at the end of 
the calculation, while simultaneously maintaining a certain relation between y and e 
(analogous to our EDR relation between A and e) so that five-dimensional Lorentz and 
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gauge invariance are maintained. However, it is not clear what physical interpretation 
might be ascribed to such a regulator parameter y. Similarly, we again mention the 
possibility of preserving gauge invariance even with a hard cutoff, but with suitable 
counterterms as well. However, such counterterms will necessarily break the original 
higher-dimensional symmetries of our bare Lagrangian. 

Another approach, first advanced in Ref. [12], is to rewrite the KK sum as a 
contour integral in which the different terms of the sum emerge from the poles of the 
integrand. One can then apply a regularization procedure akin to 't Hooft-Veltmann 
dimensional regularization to the integral [121 [13]. However, this still results in two 
independent regulators, one for the KK integral and another for the four-momentum 
integral, and five- dimensional symmetries will generally not be protected unless these 
two regulators are balanced in a manner similar to what we have outlined in this 
paper. 

There are, of course, other potential methods of deforming our KK summations. 
For example, we might Poisson-resum our KK summation, and attempt to apply one 
of the above regulators to the Poisson-resummed version instead. Note that Poisson 
resummation of the KK sum was originally introduced into the large extra dimension 
context in Ref. [H]. There are also other techniques which might be employed, such 
as proper-time regulators, zeta-function regularization, etc. Indeed, these methods 
ultimately play various roles in the different approaches sketched here. Other ap- 
proaches towards treating the KK summation based on dimensional regularization 
have also been utilized in various calculations [TB] . 

Another possibility might be to employ a so-called "mixed propagator" formal- 
ism [16]. In such a formalism, the four large dimensions are treated in momentum 
space, as usual, while the compactified extra dimension is treated in position space. 
This avoids the introduction of a KK sum altogether. However, in such situations 
the higher- dimensional divergences are not eliminated — they are the same as would 
appear in the corresponding higher-dimensional uncompactified theory, as this for- 
malism makes abundantly clear. This formalism thus lends itself naturally to the 
treatment given in Ref. [9]. 

Of course, it is possible that the true UV limit of a given higher-dimensional theory 
is not higher- dimensional at all [T7]. Such "deconstructed" extra dimensions would 
change the UV divergence structure of the theory in a profound way that would 
eliminate the need for many of these different regularization techniques. Indeed, 
deconstruction can also be used as an alternative technique for performing many of 
the sorts of radiative calculations for excited KK modes that have been our focus in 
this paper Similarly, radiative corrections may be finite in cases in which there 
exist additional symmetries (either unbroken or softly broken) to protect against 
divergences. A well-known example of this would include radiative corrections in 
theories with supersymmetry broken through the Scherk-Schwarz mechanism [19] 
(leading to so-called "KK regularization", in which the full KK summations lead 
to finite results), or in theories in which the Higgs is identified as a component of 
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a higher-dimensional gauge field and consequently has a mass for which radiative 
corrections are protected by gauge symmetries [20]. 

Likewise, such higher- dimensional theories may ultimately be embedded into 
string theory. String theory provides entirely new methods of eliminating divergences 
which transcend what is possible in quantum field theories based on point particles. 
Indeed, there even exist several string-inspired methods of regularizing field theories 
directly [211 [221 [23] . 

Another possibility is to retain the full higher-dimensional space but take a non- 
perturbative approach towards extracting exact solutions for the excited KK masses 
and couplings. Ideas in this direction have been advanced, e.g., in Ref. [24] . 

In this connection, it might seem strange that we have not discussed the Pauli- 
Villars (PV) regulator. Indeed, such a regulator preserves both Lorentz invariance 
and gauge invariance, even in higher dimensions, and may be more than sufficient 
for certain calculations (see, e.g., Refs. [251 126]). However, there are several reasons 
why such a regulator may not ultimately be suitable for general calculations in mixed 
spacetimes, especially those focusing on the radiative corrections to the properties 
of the excited KK modes. First, the PV regulator does not preserve non-abelian 
gauge symmetries, even in four dimensions. Second, even for the abelian theories 
which have been our main focus in this paper, compactification introduces a major 
algebraic problem: the PV regulator parameter A becomes inextricably entangled 
in our KK mode- number sum except in particular situations (see, e.g., Ref. pB]|) in 
which the radiative corrections are already known to be finite. Thus, this regulator 
is particularly unsuited for the mixed spacetimes which have been our main focus in 
this paper. Of course, it might seem that such a PV regulator might nevertheless be 
suitable for numerical studies which do not require closed-form analytical expressions. 
However, even this is not possible, because there is a third complication: unitarity 
is not preserved using a PV regulator unless the regulator parameter A is sent to 
infinity. Thus, it is likely to be difficult to treat such a system numerically with any 
confidence when our PV regulator is in force. 

By contrast, the regulators we have developed in this paper are designed to be 
relatively straightforward, intuitive, and easy to use for practical calculations. Indeed, 
as mentioned at the end of the Introduction, this paper is only the first in a two-part 
series. In a subsequent companion paper [1] , we shall discuss how these new regulators 
may be employed in order to derive regulator-independent effective field theories at 
different energy scales. We shall also discuss how these regulator techniques can 
be used to extract finite results for physical observables that relate the physics of 
excited KK modes to the physics of KK zero modes. Moreover, in a third paper [2], 
we shall study the manner in which the KK masses and couplings in various higher- 
dimensional effective field theories evolve as functions of energy scale, and as extra 
spacetime dimensions are slowly integrated out in passing from the UV to the IR. In 
particular, in Ref. [2] , we shall study how the well-known tree-level relations amongst 
the tower of KK masses and amongst their couplings are "deformed" when radiative 
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effects are included. In each case, we shall see that it is the regulators we have 
developed here which will enable these calculations to be performed. 
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